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PREFACE. 



Ths DiffinNNitud tad the latagfal O^lculos have been esta- 
blished upon entirely diifereat axioms and definitions by the 
several founders of those sciences. The primary ideas of 
iufinitesimals, fluxions, and exhaustions, though t|iair results 
coiiieide» for the simple xeesoii that all pore truth is een« 
sistent with itself, aie iridely diverse in their abstract natavs. . 
In writing, therefore, on the principles of either Calculus, a 
difficulty presents itself in the necessity of electing between 
systems, etdi oi which has the sanction of high authority 
and peculiar intrinsio merits. 

This consideration is of especial importance in a Rudi- 
mentary Treatise," which cannot, of course, fulfil the pro- 
fession of its title without singleness and simplicity of its 
fundamental ideas, and an exactness of thought and language 
often very difficult of attainment The ehoioe of methods 
in the present work has been determined partly by historical 
considerations. The discoverers of new truths usually search 
after them by tt^p simplest and most lamiliar considerations; 
and it seems natural to pfesnme that, as ieur at least as 
ahstsaet principles are concerned, the way of diseoTeiy is the 
easiest way of instruction. 

The original idea upon which Newton based the system of 
fluxions, regarded a difTerential coefficient as the rate of 
inevme of a functinn. The idea upon vhieh Leibnits and 
the Bemontllis established the Integral Oalonlus, regarded 
an integral as the limit of the summation of an indefinite 
number of indefinitely dinumshing quantities. The &cility 
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mth which the idea of " rate" may be eonceiTad and applied 
to the science of which Newton was the great founder, and the 

similar advantages of the idea of summatiou in the Integral 
Calculus, determined the selection of the first idea as the 
basis of the "Manual of the Differential Calculus" by the 
present writer, and the second as the basis of the present 
treatise. 

The value and importance of what is termed hy Professor 
De Morgan the "summatory" definition of integration, has 
been insisted upon by him and others of the most eminent 
modem mathematioians; bat the present is probably an ahnost 
solitary attempt to establish the Integral Oalcolns en that 
definition exclusively. Throughout the entire range of the 
practical applications of the Integral Calculus — to Geometry, 
Mechanics, &c. — ^the idea of summation is solely and nniversally 
iq^plied. The rival definition of the Integial Oakcilas^-^ 
the inverse of the Differential Oalenlns — ^has a merely rela*. 
tive signification, and is, therefore, essential only in ana- 
lytical investigations of the relations of the two sciences. 

But whatever system be adopted for establishing either 
ealoulos must of necessity involve the idea of limits and 
limiting values. An unreasonable reluctance has been some- 
times exhibited in adopting this idea in elementary treatises, 
whereas tliat it is one by no means difficult to be conceived is 
shewn by its adoption in the first ages of mathematies. By 
&r greater difficulties have arisen from the shifts to which 
resort has been had lo evade it in theorems of "wliich 
demonstrations without it are necessarily illogical. 

The idea of limits occurs, or ought to occur, much earlier 
in the study of exact science lhan is generally allowed. 
This idea is essentially involved in Aiitfametic, Eudid, and 
Algebra. The laws of operation with recurring decimals 
and surds cannot be accurately established without limits — 

for _iu what sense is the fraction ^ equal to '3833 or 

>/3 equal to another interminable dedmsl, exeept as the 
limits of the two infinite convergent series represented by 
the decimals? Euclid's definition of equality of ratios 
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(Book v., Def. V.), is made to include incommensurablo 
ratios by oonsideiatioQS dependent on tbe method of limits, 
mbich ibo oocun lepeatedly in Book Xil. In Algebia, 
as tbe present mritev has endeavoured to shew elsewhere 
(Oamhndge Mathematical Joumalj Feb., 1852), an exact 
demonstration of the Binomial Theorem must involve the 
n)eUu)d of limits. The same remark applies to the <qpemtion 
of equating indel#iniinate ooaffieients an^ the thec^em a^a 1. 
Neglect of these eonslderations involves the writers of some 
treatises in obscurities, errors, and inconsistencies, which 
bnug to remembrance the supposed common origin of tbe 
words gibberish'* and algsbnu"^ 

Throughont tbe present work, the langufige of infinites 
and infinitely small quantities has been earefblly avoided, 
partly because they cannot, except by an inaccuracy of lan- 
guage, be spoken of as really eju&ting magnitudes which may 
bo snljected to analytical operations, partly beoause the 
language of tbe method of limits is equally concise, and is, 
moreover, exact. 

That infinity has a real existence must be admitted; for let 
US Gonoeive any distance, however great, such that the remotest 
known star is eompamUvely near; wa cannot say that space 
terminates at that cUatance. What is beyond the boundary? 
A void, perhaps, but still space; so that unless we can 
conceive the existence of a boundary which includes all space 
within it, and to which no space is external, we are forced 
to admit the eiistenee of infinite space. But this admission 
is eltogetber different from that whieh subjects infinity to 
mathematical operations. How is the infinity thus operated 
upon to be defined ? As a magnitude than which none other 
ia greater *? But by hypothesis it is the subject analytical 

^ ^filifS.*-^ 9(m%, kowem, d«iM it from wwitiii oiktv AiaVfo wmi§, 
M from QeW, a eelebmUd philosopher^ ehemif^ mii^ Ttjkwonlm in, to 
ifhom they ascri^ tktt inventioa of ihi« mSmo^^^Buiftm*t If^t^maHkal 
DkUotwry, Qibberiih,— '^It it probaUj derived top the chemical cwl^ 
•ad evtgfaially implied the jti||on of ^ber an4 liii tribe."— /oA9ifo»'# 
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Operations, and therefore of addition. Add, therefore, some 
quantity ; the result is greater than this infinity, or the 
definition is contradicted. The truth is, that absolute in- 
finity, such as the infinity of space, cannot be intelligibly 
conceiyed on the supposition that anything can be added 
to it. 

Similar considerations apply to infinitely small quantities* 
There is no difficulty in seeing, that of any kind of mag* 
nitude the parts may be diminished infinitely, for, however 
small a part be taken, it may be divided, and thus smaller 
parts are taken. If, then, an infinitesimal quantity, the 
subject of analytical operation, be defined to be a real quan- 
tity less than any other, the definition may be readily sbiewn 
to be inconsistent with itself. 

When, therefore, infinitesimals and infinity are introduced 
into mathematical operations, they ought to be re^^arded not 
as having an absolute existence, but merely as the means of 
' expressing the Umiu to which results aj^roach, as quantities 
in them are continually increased or diminished. 

M. Coumot, in his admirable treatise " Des Fonctions et 
du Calcul InfinitesimaV (Paris, 1841), asserts, indeed, that 
the infinitesimal method does not merely constitute an in- 
genious artifice; that it is the expression of the natural 
mode of generation of physical magnitudes which increase 
by elements smaller than any finite magnitude. But he 
does not appear to have anywhere defined what he under- 
stands by elements smaller than any finite magnitudes; and 
without such a definition it is impossible to investigate his 
proposition accurately. If the words of it be interpreted 
literally it appears to lead to this dilemma : if the elements 
be not magnitudes, the addition of them produces no in- 
crease — if they be magnitudes, they cannot be less than any 
finite magnitude ; for, bemg magnitudes, they may be divided 
into less magnitudes. 

With respect to the method of limits, M. Cournot is of 
opinion that questions must occur in which it is necessaiy 
to renounce this method, and to substitute for it in language 
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and in calculations the employment of infinitely small quan- 
tities of different orders, lie has not, however, specified any 
instance in whidi the sabstitation in qaestion is required. 

The following demonstrations do not refer directly or 
indirectly to different orders of small quantities, nor, indeed, 
to small quantities at all; for the use of the term *' small,'* 
in an absolute sense, in mathematics, is objectionable on 
aooonnt of its inexactness* The limit where greatness ceases 
and smallness begms cannot be distinguished. Hence, though 
one quantity may be accurately said to be smaller than another, 
the former cannot with perfect exactness be said to be neces- 
sarily and absolutely small with respect to the latter. 

The exdosiye adherence to the '*summatory" definition 
of the Integral Calcalns, has rendered it necessary to present 
the greater part of the following propositions in a new form, 
and scarcely anything here given (except the historical 
notices) is compiied from analogous treatises. The first 
section contains a popular exposition of the Integral Cal- 
culus ; and the second a brief account of its history, com* 
piled from one or two cyclopoDclias and dictionaries. The 
two following sections are probably in a great measure new, 
as in them the general principles of integration and the 
integration of the fondamental functions are derived from 
the definition above referred to. The three short sections 
which succeed contain nothing original ; but the eighth, on 
national Fractions, is almost entirely newly written. ,The 
ordinary demonstration of the possibility of resolving a 
rational fiaction into partial fractions proceeds by the method 
of equating coefficients, and is defective' in this respect — 
that it neglects to shew, prions that the assumed co- 
efficients have any real existence, and that the equations 
determining them do not give impossible or inconsistent 
results. 

To the kindness of Professor De Morgan, of University 
College, London, the Author is indebted for an exact de- 
monstration of the existence of partial fractions correspond- 
ing to rational fractions, ^th denominators resolvable 
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into simple &otOT8. Similar obligati<m8 have been conferred 
by Ma. CouEN, of I^agdalcne College, Cambridge, by his 
analogous ^^mopstn^tiQa Tesp^tii^g quadratic faclQr^. lu 
a aubseqaent t of the aecUon, a meibqil aftrting 
lesdutiopa is piqpoaad* ^l^cb n^y, p^iliaii^t lom^ 
labour. 

In the ninth section a hint has been taken from Moigno's 
edition of pauiiibj'ii Le9Qn8 4^ Calcul Integral/' to §pnf)r 
mliaa in mm^ me^iinm tba pmcipl^a 9S Batipnali«atioQ. 

In di0 naqct chapter thq "apniiBi^ioiy" 4«4mtimi i| ex- 
tended to Multiple Integrals. The Quadrature of Curvea 
and the Cubature of Solids are next considered; and a 
m§|J)od, which is probably new, is given, of iuYeaUgatiog th§ 
oubatwre by paUiv «(a-Qrdiaa^ by ^naiflmiig vvfkim ta bit 
genavated by tbe rev«ilotiai^ of fig^m| of 9mMk fym* 

The theories of rectification of curves and complanation 
of surfaces have some difficulties which are frequently 
evaded by illogical reaapcing. In the Prinoipia," the 

mptbod of ipctific^tioa 14 ba8|4 0& tl|a ^(b liwrnn^— *^ the 
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is stated without demonstration, and is intended to be 
axiomatic. It assumes, in otlier words, that if any figure 
be diraiKA are^^cafi ap^a, ti)# linear dimensions of the 
coirf8pQn4i9g pui^ ai>e in the 1^ of tbfi mla ^ tba 
original to tbat af ^ o(^y. Cevtain Gaml»ridg0 utaimira of 
Newton's Lemmas, among otiier mutilations of the original, 
have attempted to prove this axiom respecting l&ngthf, by 
reference to a prppositlon respecting iir^ai, of ^liieb the 
evidenea is ctf a totally differei^^ Hind. 

Some ocmtinental writers, amongst whom is If* Coumot, 
have thought to avoid all difficulty respecting the funda- 
mental principles of rectlBcation and compla^ationt by de- 
fining curves and surfaces to be respectively polygoiM end 

polyhedioxis of iiulf^lely 9i4ee. Bq4 ii( ia, in tm^, 
a me^e postponement of difficulty tq invent new definiti<m8 
to answer special purposes. The methods of measuring 
curvefi and avurfaoea, aa defined by M. Goumiit, e¥9f peihapa» 
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to be connected irith his Tiews respecting small quantities, 

but cannot be considered complete until extended by rigorous 
reasoning to surfaces and curves generated by continuous 
motion— finch as solids of revolution and their sections. 
An essay is made in the following pages to establish the 
principles of this part of the Integral Calcalns on yeiy 
simple geometrical axioms, and the formula of complanation 
is proved without the usual reference to the inclinatiou of 
tangent planes. 

A oonsideKation of the integration of functions which be- 
come disoontinnons or infinite for particular values, appeared 
necessary to complete the subject, and an attempt has been 
made to elucidate the deiinition of multiple integrals of 
diseontinuons functions. In the concluding section, an in- 
Tostigation of some of the properties of the second Eulerian 
integral is partly taken from Littrow's Anleihmg zur 
hbhereti Mathematik but in the original proofs an important 
defect eusts, to remedy v^bicb, the article on ultimate ratios 
of Eulerian integrals has been given. The demonstration 
of the fundamental relation between the two kinds of such 
integrals is that of Poisson, as given by M. Oonmot. Some 
remarks are oflfered on the inexactness of evaluations of the 
sine and cosine of an inhnite angle. 

Several invaluable suggestions of Professor Stokes» the 
Lucasian Professor of Mathematics at Cambridge, have been 
embodied in the two concluding chapters ; and the obligations 
thus conferred are acknowledged by the Author with a feeling 
of great grati^caUon. 

Geometrical representations of analytical theorems have 
been frequently introduced for the purpose of illustralion, but 
not of demonstration ; for though the proof of purely ana- 
lytical theorems of the Integral Calculus is independent of 
the extrinsic aid of geometry, they are often remarkably 
elucidated by being considered objectively. * 

Cambmdqz, February^ 1852. 
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SECTION I. 

GSNEBAL ikOCOUNX OF THE OBJECTS OF THE IMTEOBAL 

CALCULUS. 

1. Akohost tbe most important uses of the Integral Calcolas 
are its applications to the measurement of the lengths of 
curves, the areas of curvilinear figures, the contents of solids 
contained by curved sur&ces, and the effects of forces. This 
Calculus is required in the most important investigations in 
every branch of the exact sciences. 

2. The names of the Integral and Differential Calculus 
sufficiently indicate the distinction between them. The In- 
tegral Calculus determines the whole sum or integral magni- 
tude of a quantity of wliich the differential parts are given. 
The Differential C^dculus, on the contrai'v, investipjates the 
relations of the ditferential parts of _a quantity of which the 
integral magnitude is given. 

3. The process of Integration is therefore the inverse of 
Differentiation ; in the same way as Subtraction is the in- 
verse of Addition, Division the inverse of Muitipliciition, 
Evolution the inverse of Involution. But in the same sense 
that Integration is the inverse of Differentiation, the latter 
operation is the inverse of the former. As, thei*efore, the 
Differential Calculus is defined and investigated irrespectivelj 
of the Integral, so majr also the Integral independently of 
the Differential. It is an unnecessarily restricted view 
which regards the Integral Calculus as a dependent science. 
Throughout the following pages its rules will be indepen- 
dently demonstrated ; though the close relation hetween the 
two Calculi requires careful consideration, for the sake of its 
aid in comprehending both subjects, its suggestiveucss in 
iuvetiLigaliuu, and its test of results by iuverso operation. 

B 
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4. It was said above, that the Integral Calculus determines 
the integral magnitude of a quantity from its ditferential parts. 
Now of course this indirect method of measurement would 
not be usually resorted to, if a more direct were practicable. 
But there are innumerable cases in which direct measurement 
is impracticable. The meaaurement of the lengths of lines 
affords a simple illustration. If the lines be straight, the 
naethod of measuring them is obvious and direct. It consists 
in successive applications of a straight " rule " or standard 
of a unit of length (a yard, metre, ell, &c.), along the straight 
line to be measured, and ascertaining how many times it con- 
tains the unit and known parts of it. But if the line to 
be measured be a curve, no such application of a straight 
*' rule" can be performed ; it will coincide with the curve for 
no portion of it, however small. 

5. A rough way of effecting the required measurement 
is, however, readily suggested. A number of points may 
be arbitrarily taken in the curve, and be joined, or be sup- 




posed to be joined, by dotted lines. Then, if these chords 
be measured, their total length is an approximate measure 
of the length of the curve. 

6. It was long ago perceived, that by diminishing the 
lengths of the chords, and increasing their number, the ap- 
proximation became closer and closer. An improvement in 
the method was effected by drawing from the extremities and 
intermediate points of the curve, tangents meeting each other 
at points in the convex side of the cun e, as in the following 
diagram. If the eurve be auch that the tangent, at any 
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Ct of it, cannot meet it at any other point, tlie total 
^ths of these tangents is less than the length of the 

curve. In this way the length of the curve, though it could 
not he exactly determined, niight at any rate be ascei iained 
to he less than one, and greater than another, of two quan- 
tities ; which might be made to differ by a q[uantity less and 




1ms, as the number of chords and tangents was increased. 
So that the error of the approximation would bo determined 
within doser and ekmet extremes, as die geometer expended 
mm and more labour on the mensuration. It is clear, 
howoTer, that the length of the curve has some esMct ralue, 
which is the limit of the operations above explained; and 
the discovery of that exact limit is the solution oj a jprobUvv 
of the Integral Calculus. 

7. Again, the area of any plane curvilinear figure is certainly 
greater than that of any polygon of straight sides iuscribed 
in it, and less than that of any such polygon circumscrihecl. 
By increasing the numbers of sides of the circumscribed and 
inscribed polygons, their areas are made to ditier less and 
less. The area of the curvilinear figure lying between them 
may thus be determined within any degree of approximation. 

For instance, let the area ACB be included by a curve AB, 
and two straight lines, AC, CB, at right angles to each other. 
Itisquires little science to perodye that one of the readiest 
wi^s of songhly measuring this area, is to divide it into portions 
by Unes ptaailel to AC, but not necessaiily equidistant, and 
to compute ifae area of each soeh portkm as if it were arect- 
«n(^ Yet this method would give the area iif the figure 
bounded not.bjr the curve, but by the iQigzag dotted Ime 
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within or without the figure. The difference between the two 
rectilinear figures bounded by the two zigzag lines may be 
reduced by increasing the number and dimimshing the areas 
of the rectangles. Thus the curvilinear area may be det^r- 



A 




mined within a margin of error which may be diminished at 
pleasure. This process for determining areas is called the 
Method of Quadbatubes. 

8* It may happen that this method of approximation sug- 

Sests Ae limit to which it tends. The Inte^al Galcnlos 
iffers from the preceding method only in that it substitates 
abiohae eaaetne$$ for mere approximation. The curvilinear 
figure must hare some eaaet area which is the Umit of ^e 
results of the above operations. If, therefore, that limit may 
be inferred from them, they lead to the solution of a jnoblem 
oj the Integral Calculus, 

9. Again, one of the most frequent problems of Dynamics 
is to ascertain the distance passed over in a given time by 
a point moving with continually-var}'ing velocity. If the 
point "were moving with uniform velocity, the distance de- 
scribed by it in any time could be immediately ascertained. 
The approximation to the distance described by a vai-ying 
velocity is analogous to the approximations above described, 
and consists in supposing the velocity to change not conti- 
nuously but after intervals, and remain uniform during each 
interval. The shorter the intervals, the more nearly does the 
distance computed on this supposition approximate to the 
real distance described. Let the distances be computed on 
the hypotheses, firHf that the point tetains throughout 
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each of tbe interyals into which its motion is bypothetically 
divided, the Tolodtj it actually has at the commeucement of 
that interval; secondly, that we point has throaghout each 
interval the velocity it actually has at the termination of that 
interval. The first hypothesis evidently gives the distance 
traversed too small; tbe second hypothesis too large, if the 
velocity be a continuously-increasing one. By diminishing 
the hypothetical intervals, the error of approximation is re- 
duced; and if the limit to Avhich these operations lead can bo 
* found, the result is the solution of a problem oj the Integral 
Calculus. 

10. The principle on which all the above cases depend, 
may be stated generally thus :— A quantity is to be measured 
v.liicli cantiot be immediately compared with the unit of mea- 
surement. The quantity is therefore divided into several 
parts, and it is ascertained of each of these, that it exceeds 
one, and falls short of another, of two quantities measurable 
hy the given unit. The sums of the two series of measur* 
able quantities are the one greater, the other less, than the 
whole quantity to be measured. 

This process has been ocmtinually practised by the most 
unskilful as well as the most skilful computers. It is applied 
in innumerable cases in the ordinary avocations of life. The 
science which from this kind of approximation extracts 
rigorous and exact truth, is the Integral Calculus. 

The foregoing remarks will probably sufl&ce to show the 
student what kind of reasoning may be expected to engage his 
attention in this subject. They serve also to render intelli- 
gible the following slight sketch of its history. ' 
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SECTION IL 

BABLY HISTOBT OF THE IHT&QBkls CAL0UX.U8. 

Pythagoras, bom about 590 b.g., died about 497 b.o. The ' 
history of his mathematical discoYeries rests generally on no 
higher authority than that of tradition. The discovery of the 
quadrature of the parabola has been ascribed to him, as ap- 
pears from the following passage in Dr. Hutton s Mathe- 
miUical Dictionary. In refereiicG to the tbeorem thai the 
square on the hypothcnuse of a right angled triangle is equal 
to the sum of the squares on the sides, it is remarked, that 
** riutjirch even doubts whether such a sacrifice was made 
for the said theorem, or even for the area of the Parabola, 
which it was said Pythagoras also found out.*' 

Euclid, who lived about 2«s0 b.c, and about 50 years before 
Archimedes, showed, in his 10th Book, that the areas of the 
Circle and Polygon inscribed in it are ultimately equal. He 
demonstmted that the area of the circle is equal to half the 
i^tangle contained by the radius and circumference, and thus 
found out a problem of Integration. His method is known 
as the method of EakawUions. The first proposition of the 
10th Book asserts that, if £rom the greater of two given 
quantities be taken more than its half, from the resulting 
remainder more than its hal( and so on continually, there 
will remain at last a quanti^ less than either of the given 
quantities. By this reasoning* the difference hetween the 
circle and polygon is exhausted, and the circle becomes ulti* 
mately equal to the polygon. 

Archimedes, who lived about '250 b.c, investigated the 
ratio of the circumference of a circle to its diameter. By 
calculating the length of the periphery of a circumscribed 
polygon of 192 sides, and an inscribed polygon of 90 sides, 
he found that the circumference of the circle is between 
8-t-!} and of the diameter. He left a treatise on the 
Spiral which now bears his name; and determined the rela- 
tion of the area bounded by that curve to that of the cir- 
cumscribed circle. To Archimedes is attributed the quadra^ 
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ture of the parabola, which discover}^ however, as appear? 
above, has been assigned to Pjthagoxas also. Let AO be . 
portion of a parabola, O 

its vertex, OB a part of its c ........,.-™ ^ 

axiSy and AB a straight line [ — . 
at right angles to it The ^^^^ 
proposition in question, j 
which is interesting from 1 X 
its antiquity and intrinsio 1 / 
importance, asserts that the j / 
area AOB is two-thirds of j/ 
the rectangle ACOB. The V 

student may easily ascertain o B 
after reading the following 

pages, that this result is equivalent to the integration of a 
function of the fomi ca^, where c is constant and x variable. 

Archimedes showed in his treatise l,(pcx,\^ce.c xal Kvxlt^pov, 
that the content of a sphere is two-thirds of that of the 
cylinder which just contains it; that the surface of a sphere 
is four times as great as that of one of its great circles, &c. 

CoNON, a contemporary of Archimedes, is said to have 
invented the spiral which bears the name of the latter, and 
to have proposed to him problems ^tepecting it, which were 
solved by him. 

Pappus, who lived towards the end of the fourth century 
(about AJ>. 880), demonstrated some of the principal pro- 
perties of the same spiral, by adding together an indefinite 
number of parallelograms and cylin&rs, into which he sup* 
posed a triangle and cone ultimately divided* Pappus also 
gave in the preface to his 7th Book, the cenirobarUi method 
of determining the content and superficies of a solid of revo- 
lution in terms of the dimensions of the generatiug figure, 
and the position of its centre of gravity. The theorems of 
the centrobaric method discovered by Pappus, frequently are 
called Guldin s properties, from a much later mathematician, 
Guldini, by whom they were demonstrated. 

GAr.iL?:o, born 1564, died 164'^\ proved that a body 
moving in a straight line with a constant acceleration, such 
as that produced by gravity, describes in any time from the 
commencement of the motion a distance proportional to that 
time. He thence showed that the path of a projectile is a 
parabola. The determinalaoa ef the distance described by a 
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constantly-accelerated point depends necessarily on the prin- 
ciples of the Integral Calculus, as explained in Article 9. 

ToBBiCELLi, bom 1608, died 1647, ma a disciple of Gra* 
lileo, and wrote a treatise De Dimemione ParaboM, with an 
appendix Ds Dimen$ume CyeUndh, Dr. Hutton says, that 
Torricelli "first shewed that the cycloidal space is equal to 
triple the generating circle (though Pascal contends that 
Piubcrval shewed this) ; also, that the solid generated by the 
rotation of that space about its base, is to the circumscribing 
cylinder as 5 to S ; about the tangent parallel to the base, as 
7 to 8 ; about the tangent parallel to the axis, as 3 to 4," &c. 
(See Descartes.) 

Cavalierf, a disciple of Galileo, and friend of Torricelli, 
published in lO'lT), Geometria Indivii^ihUihus continnorum 
nova quddam ratione promota, 4to., Bononise. This work, 
which obtained for the author the credit in Italy of inventing 
the Infinitesimal Calculus, proceeds by division of geometrical 
figures into indefinitely small parts. 

BoBERYAL, in 1646, determined the centres of percussion 
and centres of gravity of sectors of cylinders and circles, &c., 
by methods equivalent to Integration. From the letters of 
Descartes, it appears th^t these discoveries were sulgects of 
controversy between him and Roherval. Boberval's Treatise 
on Indivisibles, appeared in 1666, in the Memoirs of the 
Academy of Sciences at Paris. 

Descartes, bom 1596, died 1650, determined the centres 
of gravity and centres of oscillation of various curvilinear 
figures. His method of demonstrating the proposition re- 
specting the cycloid, referred to in the preceding notice of 
Torricelli, is an excellent instance of the geometrical investi- 
gation of the quadrature of curv^es. The following is an 
extract from a letter from him to Father Mersenne, in 1038. 
(Lettres de Descartes, tome iii. page 384, Paris, 1667.) 

*• You commence by an invention of Monsieur de Roberval, 
respecting the space included by the cune described by a 
point of the circumference of a circle supposed to roll on a 
plane ; with respect to which, T acknowledge that I have 
never before thought of it, and that the observation of it is 
pretly enough. But I do not see that there is reason to 
make so much noise at havitig found a thing which is so 
easy, and which any one who knew ever so little of geometry 
could not fail to find if he sought for it For if ADC be 
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this curve, and AC a straight line equal to the circumference 
of the circle STVX, having divided this line AG into *2, 4, 
8, &c., e^ual parts, hy the points B, G, H, N, O, P, Q, &c., it 




is evident that the perpendicalar BD is equal to the diameter 
of the circle, and that the whole area of the rectilinear 
triangle ADC is doable of this ciide'f'. Then, taking £ for 
the point where the same circle would touch the curve AED, 
if it were placed on its base at the point 0, and taking also 
F for the point where it touches this curve, when it is placed 
on the point H of its base, it is evident that the two 
rectilineal triangles AED and DFC arc equal to the square 
STVX inscribed in the circle. Similarly, taking the points 
I, K, L, M for those where the circle touches the curve when 
it touches its base at the points N, O, P, Q, it is evident 
that the four triangles ATE, EKD, DLF, and FMC are 
together equal to the four isosceles triangles inscribed in the 
circle SYT, TZV, VIX, and XQS ; and that the eight other 
triangles inscribed in the curve on the sides of these four 
are equal to the eight inscribed in the circle, and so on to 
infinity; whence it appeai^s that the whole area of the two 
segments of the curve, which have AD and DC for bases, is 
equal to that of the circle; and, consequently, the whole area 
contained between the cui-ve ADC and the straight line AC, 
is triple that of the circle." 

OsEOORT (St. Vincent) of Bruges, published in 1647, 
Opus Oecm^ficum Quadra^rm Circidi et Seeiionum Cani. 
He showed that the space between a hyperbola and its 
asymptote is divided into equal portions by straight lines, 
which divide the asymptote into parts in geometrical pro- 
gression, and which are parallel to the other asymptote. 

Febuat, who died 1663, was author of a "Method for 
Quadrature of all sorts of Parabolas," and a treatise on 

* By a property of Ibe ciide meationed in the notice of Eaclid* 

B 3 
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Maxima and Minima, in which problems concerning the 
centres of gravity of solids are solved by a method re-* 
sembling Newton's Fluxions. 

HuYGENs, in 1651, published Thcoremata de Quadraturd 
HyperhoUc, Ellipsis et Circuli ex dato Fortionum Gravitatis 
Centro ; and in 1658, at the Hague, his celebrated Horolo- 
gium OscillatGrium sive de tnotu Pendulontmy in which he 
states that he was the first discoverer that a certain segment 
of the cycloid is equal to a regular hexagon inscribed in the 
generating circle. He showed that the time of oscillation of 
the cjcloidal pendulum is independent of the extent of vi- 
bration, and from the principles of the pendulum measured 
the effect of gravity, by ^hich he showed that a body 
descended vertically from rest in vacuo, in the latitude of 
Paris, 15 French feet in one second. 

Waij.18, in 1655, published his ArUhmetica Infinitorum^ a 
great improyement on the Indivisibles of Cavalieri. Wallis 
treats of quadratures, and gives the first expression for the 
quadrature of a circle by an infinite series in this work, 
*' in which/' says Professor De Morgan, a large number 
of problems of the Integral Calculus is solved, and which 
contained more hints for future discovery than any other 
work of its dny." 

Neal, in 1057, made a remarkable step in the Integral 
Calculus. He appears to have been the first person who 
determined the exact length of any curve. Wallis, in his 
Treatise on the Cissoid, states that Neals rectification of tho 
semi-cubical parabola was published in July or August, 1057. 

Van TIaurent, in Holland, in J 059, also gave the rectifi- 
cation of the semi-cubical parabola, as appears from Schooten'a 
Commentary on Descartes' Geometry. 

Gregory (Jambs) published, in 1667, Vera Circuli et Hy- 
jicrhola Qiiadratura, to which he added in the year following 
OwmetricB Pars 'Universalis, of which the method resembles 
that of Bobervals Indivisibles. 

Dr. Babrow, in 1670, published hia Method of Tangents. 
He died in 1677, and Uie year following appeared his demons 
strations of Archimedes' properties of the Sphere and Cj« 
linder, by the method of Indivisibles. 

lisiBKiTz, in 1684, gave in the Leipsic Transactions an 
account of his Differential Calculns. It is agreed that this 
was the first time that this grand discovery appeared in print; 
though in the celebrated controversy which arose as to hia 
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claim to the priority of this invention, a Committee of the 
Royal Society decided that ** Sir I. Newton had even in-» 
vented his metliod before 1660." The general opinion of 
modern mathematicians appears to concede to Leibnitz the 
merit of an independent dkcoverjTf and to exempt him from 
the charge of plagiarism. 

Gregory (David) published, in 1684., ExerciUUio GiO^ 
metrica de Biimmione Figumrum, 

Newton published his Principia in 1687, the most memo- 
rable year, uierefore, in the aunals of science. The doctrine 
of limits, conceived and applied in the earliest periods of 
nuUihematical research, had been rapidly growing in import- 
ance at the time of Newton and Leibnitz. The great step 
made by them consisted in connecting the idea of limits with 
a specific notation, and in erecting into a regular system a 
science which before their time had been exhibited only 
in isolated theorems. A large part of the results of the 
Prindpia are demonstrated by geometrical methods e^uiva* 
lent to Integration. Newton's Method of Fluxions was first 
published in 1704, subjoined to his treatise on Optics. 

Mercator (Nicholas), in 1688, published liis LofjarUh' 
motccJuna, and is stated to have been tlie fii'st person who 
ever investigated the quadrature of curves aiiahjticalhj. This 
he did in a Demonstration of Lord Brouncker's Quadrature 
of tlie Hyperbola, by Wallis 's mpthod of reducing an alge- 
braical fraction to an infinite series by division. 

By the English contemporaries of Xewton, tlie Integral 
Calculus, a DitTerential Coefficient, and an Integral, were 
called the Inverse Method of Fluxions, a Fluxion, and a 
Fluent respectively. The notation and phraseology of fiuxions 
is now almost obsolete. The methods of Exhaustions, Prime 
and T'ltimate Ratios, Infinitesimals, Indivisibles, Residual 
Analysis, Aualysis of Derivations or Derived Fuuctions, and 
of Limits, are* different appellatioiis which tbe same subject 
has at different times received. 

From the time of Newton aod Leibnitz the Integral Cal* 
cuius rapidly advanced. Its progress was in a great degree 
due to John and James BemouilH, who published a large 
number of memoirs on the subject; to Maelauriu, whose 
Fluxions appeared in 174^; to Cotes, whose Harmoma Men^ 
suranun a[>[)cared in 17>i'2; to D'Alenibert, who gave iWemoirs 
on the Caioulus iu the X uiib aud Serliu Memuus; and to 
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Euler's great work, Institutio Calculi IntegraUs, Petr. 1768, 
3 vols. 4to. 

The analytical part of the Integral Calculus consists in 
reducing integrals to forms by which their numerical values 
may be computed. This computation is usually facilitated 
by the common mathematical tables of sines, cosines, loga- 
rithms, &c. But many integrals cannot be found by these 
tables. In order to compute such integrals, other tables 
have been constructed, of which the principal are called 
Tables of EUipUe ItUegraUf from their relation to the length 
of elliptic arcs. 

Faonaito, in his Produzione Matemaiiche, 1750, investi- 
gated a remarkable theorem respecting these arcs, vbich 
bears bis name, and shows bow the length of two arcs may 
be taken so as to differ by an assigned algebraical quantity. 

EuusB gave to the world some of the most important dis- 
coveries which constitute the basis of this branch of the In- 
tegral Galcnlos. In 1761 he published, in the Petersburg^ 
Transactions, the complete integration of an equation in- 
volving two terms, each an elliptic function not separately 
integrable. Euler also invented the class of integrals which 
are known as Eulerian Integrals. 

Landen, in 1775, published his theorem showing that any 
arc of a hyperbola may be measured by two arcs of an 
ellipse. 

Lagrange's Memoirs in the Turin Transactions, in 1784 
and 1785, greatly extended the subject of elliptic functions 
in a part of it which Euler had not discussed, and rendered 
the determination of numerical values of elliptic functions 
▼eiy complete. 

Lbobndbb undertook the task, involving immense labour, 
of computing a greatly-extended series of tables. The second 
volume of I^gendre's great treatise on elliptic functions, to 
which a large part of his life had been devoted, appeared in 
18^^7. To him is attributed the merit of giving to the sub- 
ject that systematic arrangement and connection which con* 
stitute it a separate science. 

Jacobi, Professor of Mathematics in Eoningsburg, pub- 
lished shortly afterwards, in Schumacher's Journal, his re- 
searches on elliptic functions. His principal object was the 
investigation of certain general relations of these functions, 
of which the investigations of Lagrange and Legendre involve 
.particular cases. 
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Abel, Professor of Mathematics in Christiania, gave in- 
vestigations of the subject in Crelle s Journal, in 1827. He 
arrived independently at many of the important discoveries 
of Jacobi, and contributed valuable theorems respecting what 
are called ultra-elliptic functions. The works of Abel, who 
died at the early age of 27 years, are esteemed among the 
most important contributions to modern analysis. 

For some account of modern discoveries in Calculus, the 
reader may be referred to Moigno's edition of Cauchy's Lemons 
de CnUcul D^Srential e$ de Ctdeui Integral^ 1844. 

Among the best known general works on the Integral Cal- 
cnltts are the following:— 

Boamt, Cal. Diff. et Integral. Fteii, 1798. 

B<N]charbily Differentttl and Integral CUcoIus,- Eng. TnniUition. Oun- 

bridge, 1828. 

Carnot, Metaphysique de Calcul Infinitesimal. Paris, 1796. 
Caucby, LeGoii« de OaL J>\SL et Int. YoL 2, Calcul Integral. Pariiy 
1844. 

Coiidorcet, Calcul Integral. Pans, 17t>o. 
Goumot, Bet Fonetions et da Oalcnl Infinitoumal. Parity 1841. 
De Morgan's Diff. and Integral Oalculaa. London, 1842. 
Dnhamel, Ooars d' Analyse. Paris, 1847. 

Eiiler, Institntiones Calculi Interrralis. Petersburgh, 1792. 
Gregory's Examples on the Dili, and Int CaU Cambridge. 
Hirsch, Integraltafeln. Berlin, 1810. 
Lacroix, Calcul Diflf. et Integral. Paris, 1797. 
Lagrange, Lemons rar le Calcul de Fonetions. Paris, 1808. 
Landen's Retidiud Analysis. London, 1758. 
L^gendre, Exercices du Calcul Integral. Paris, 1816. 

Traite de Fonetions EUiptiques, 1825-8. 

Littrow, Anleitung zur hoheren Mathematik. Yiennay 1836. 
Mending's Tables of Integrals. 
Ohm (Martin), System der Mathematik, 1833 51. 
Biabe, Die Diffi^ntkl nnd Integral Bechnuiig mit Fonotionen Mebierer 
Yaviabeltt. 

Scbldmlich, Handbuch der Dififerenzial Eechnung, 1847* 

Taylor, MeUiodns Incrementorum, London, 1716. ^ 
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SECTION III. 

DEFINITIONS.— GENERAL PEJNCIPLES OF INTEGRATION* 

11. Quantities are said to be fimctlons of one another, if 
their values depend in any manner on each other. The 
letters 1%/, i^c., prefixed to quantities, are used to denote 
functions of them A function of several quantities is ex- 
pressed by writing the letters h\Jf &c., before them all sepa* 
rated by commas. 

1^2. A variahle is a symbol of quantity to which different 
values may be assigned. 

13. An independent variakle is a symbol of quantity, on 

the value of which the value of a fanctioiL of it is considered 
dependent. 

14. A limit is the exact value \diich a function approaches 
nearest, as the miables on which it depends approach assigned 
values. 

15. The limit of a finite continuous funetim of eeveral 
quantities is the same funetum of their limits^ or if jg, 

be the limits of ^j^, y^* 5^3 **• respectively, 

limit of /(yi, y^, ^3 ...) =/(yp y^, y, ...) (1). 

where / means " any finite continuous function of." 

A continuoue function is one such that the series of opera- 
tions denoted by it when performed on more and more nearly 
equal quantities, produce more and more nearly equal results ; 

/(^v ^8 •••) —f(Jv 73 — ) W» 

is smaller, as y^, 5^^, y.^, &c., are more and more nearly equal 
to yp y2, y„ Ac, respectively. Therefore, the limit of the 

finite quantity (2) is zero, or 
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limit of /{(^i. y^, ...) -/(y„ y^, 73 ...)} = 0, ' 
from which equation (1) immediately follows. 

16. The ^adfcdtOTB of a finite continuous function of one 
variable having a Umited range of values is the sum of pro- 
ducts of successive values of that function, each multiplied 
by the differences between the corresponding value of the 
independent variable and the next preceding or succeediug 
value. 

1 7. The integral of such a function is the limit which its 
quadrature has when the differences of the independent vari- 
able approach zero, and their number approaches infinity. 

18. Let /a? denote a finite continuous function of a:, and 
let hi and b^^ be two constant assigned values of aj. Also, let 
at.f Wn... a^he any successive intermediate variable values 
of sc. Then the quadrature of /at is by the definition, either 

The integral of the function is the limit which these series 
approach when the differences a^^ — 6^, — a^. Sec,, approach 
zero, and their number infinity. 

19. In Art. 7, let o! be the abscissa, measured from B 
along BC of any point in the curve BA, and \et fa; denote the 
corresponding abscissa. Then it is clear that the differences 

&c., denote the breadth of the rectangles 
drawn in the figure, and /w^, fx,, &c., the corresponding 
altitudes. Hence, tlie several terms in the foregoing series 
denote the areas of those rectangles, and their sum is an 
approximation to the curvilinear area ABC, whence the term 
quadrature is derived, since that quantity expresses approxi* 
mately the number of square units (square feet, square yards, 
dEC.) contained in ABC. Also, the integral is the exact area 
ABC ; for the magnitude of this axea is between the magni- 
tudes of the inscribed and circumscribed figures. But the 
dififorenoe between tiw two latter magnitudes has the limit 
zero. A fortiori, the curvilinear area differs from either of 
them, by a magnitude which has tiie Umit zero. 
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As the figure last referred to is drawn, the initial values of 
x and of jTx are both 
supposed to be zero. If, 
however, they be finite 
positive quantities, the 
integral represents an 
area such os abed^ where 
c is the origin from which 
the absdssie axe drawn, 
and 

od=zbj^^ and od =^/by 

20. Both expressions for the quadrature in Article 18 hav€ 
the same limit, if fx have only one finite value for each 
value of » from to b^p for then they differ by the quantity 

Let A.r be the greatest of the successive differences of 
in the preceding quantity, which is therefore less than 

{fx, ^fh)Ax + (/^a-Ax) AO? -f ... -h ifb^-fx.jAa, 

which expression is equal to { fb.,^fb^)Ax. This, there- 
fore, is the difference between the two quadratures ; but if 
fb^ and fb^ be finite, fb^ — fb^ is finite; A^c is zero in the 
limit. Therefore, the difTerence between the two quadra- 
tures is zero in the limit, i, e., they have the same limit. 

21. The preceding article is exactly illustrated by the 
Lemma iii. of Newton's Principia, which is as follows (sup- 
posing all the parallelograms spoken of in the original to 
be rectangles) : — 

In the plane figure bounded by the curve AF and strught 
lines AA , AF, at right angles to each other, are insoiibed 
any number of rectangles AB^ BC^ CD' ... on unequal 
bases AB, BC, C1> and the leetangles AB'^ BC'', CD" 
«.« are completed. If tlie breadth of these inectangles be 
dindnished, and their number increased indefinitely, the in* 
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scribed figure AKB^LO^MD^NE'E, and the cucamscribed 
%ire A A'B''B'G''C'iy'D'£''£F are ultimatelj equal 
For let A/be equal to 
the greatest breadth ^' 

of the rectangles, and k 

complete the rectangle 
A/', then this parallel- 
ogram will be greater 
than the difference be- 
tween the iuscribed 
and the circumscribed 
figures. But when 

its breadth is dimi- 

nished, it will be less ^ b / c « » 

than any assignable 

quantily, and, therefore, k fortiori, the difference between 
the inscribed and circumscribed figures will be less than 
any assignable quantity, and, tfierefore, they are ultimately 
equal 

22. When fx continuaJhj increases or continually decreases^ 
as X increases, the value of the integral is between those of its 
quadratures. First, let fx continually increase as x in- 
creases, then the integral is less than the first quadrature, 
Art. 18; for let x^ and a/^ be any two successive values of 
. as, then one of the terms of this quadrature is foi^'(x'^ — af\ 

Now, take a value between 9^ and s^', then the term 
in question is replaced by 

fx, {x, - ^) + fx'' {of' - 

which is less than the term just mentioned by 

a quantity which is positive, since fxf' is always greater 
than faf ; therefore, the effect of increasing the number of 
terms is to diminish the quadrature. But as the number 
of temis is increased, the value of the integral is more and 
more nearly approached ; therefore, the integral is less than 
the first quadmture. 

Similarly may it be shown that the integral is greater than 
the second quadrature. 

The same reasoning may be applied when the function fm 
continually decreases as x increases; therefore, in either case, 
the integral has a value between those of its quadratures. 
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dS. The iymbol of inUgrathn it J", wUch derives its 

form from the initial letter of the word Summa, or fum. 
The integral of a function y> of a variable a is written 

Jfx,da\ where the limit of the difference between two suc- 
cessive values of X is represented by dx^ which is, therefore, 
d^erential, or diminished without limit; and fx.dx is the 
general form of the limit of any term of the series in Art. 7» 
and is also diffei;pntial. 

24. Thit UmiU of an integral ate the two constant assigned 
values of the independent variable and h^, in Art. 7. The 

greater and less of these values are frequently designated 

the superior and inferior limit respectively. 

25. When the limits of an integral are expressed, or 
defined, it is said to be definite; when they are not defined, 
indefinite. In the first case, the integral is said to he tahen 
between limits. The usual way of expressing this symbolically 
is» bj writing the superior limit above, and the inferior below, 

the symbol of integration. Thus, / fx.dx x& the integral 

of fx^ between limits b^ and h^. 

S6. The value of the integral is independent of the differ- 
ences of the independent variable in the quadrature. For the 
limit of the quadrature is, by Art 14, an exact quantity, there- 
fore it cannot depend on the values w^, x.,, x, 4^., nor their 
differences, which may he altered arbitrarily. Also, it is 
evident that the integral does not involve any ether vaines of 
«, except and 

^ fxdx = j ^ fzdz^ where z is 

any other quantity than x, 

27. ThA sum of definite integrals, the inferior limit of each 
being ^ superior limit of the next. If the series in Art. 18 
were continued to the rights to the term in which a s h.^, 
the limit of this additional part of the series would, by the 

precedmg definitions, be / fx.dx. Also, the limit of the 

whole series, including the additional part, would be 

dx. But this whole series is the sum of that written 



in Art. ld» -f- the supposed additional part* Hence» 
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Siuiikiij, 

fx i« =: * /a? . dfa? 4- /? y« '^iii? + + 

^ f X * dx ^ fx , dx. 

26. An Integral hetwem UmiU m the d^erenee between two 

fx dxm inde- 

pendent of nil the values of x, except h.^ and Therefore 
this integral may he put equal to F {h.^, b^), some function 
which contains no value of o) except and h^. Similarly, if 
the form of this function be general, that is, capable of repre- 

sentiug tho integral for all iralties of the limits, fxdx^ 
F (bj^ b^). Hence, from (1) Art. 27, transposing. 



^ fx ,dx involves no other value of x than b^ and b^. 

Therefore b^ disappears from the last equation, which, conse- 
quently, may be written 



/«.d»=:F^3 — Fdj,; 



29. By Article 26, the value of the integral is independent 
of the di£ferences to., in Art. 18«. We may 

therefore suppose those differences all s so that 
(» + 1) ^x — b^. Then, by Art. 28, 

limit of + -hA) ^ « «F*^ - Hby. 

The number of terms in tho parenthesis is n -\- 1. Now 
suppose, first, that the fx is always ])ositive ; and let 
be its greatest, fsif' its leasi value between the limits; 
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then J 3^ is greater and /a?" less than any other of the 
terms in the parenthesis. Hence (» + 1)/^ is greater, 
aad (n + 1) Jal' is less than their sum ; 

/. (« + 1) /a' . > F 6 - Fdj; (n -h 1 ) /a^' F 5^ - F 6^; 

or, putting (« + 1) la? = * ; hjsi > Fd, — Fd^; 

hjx" < F^j. 

There must therefore be one or more values of x between 
and for which hfx = Tb.^ — ¥b^. But this intermediate 
value of a must also he between b^ and 6^, since x^ may be 
taken as near as we please. Therefore the intermediate 
value in question may be expressed by + Bh^ where B is 
some positive proper fraction. Hence, since we have sup- 
posed 6g s 6^ + ^ we have the formula 

The same conclusion would be arrived at if fx were sup- 
posed to be always negative. Hence the formula is true 
when fx is either always positive or always negative be- 
tween the limits and 5^ + A. 

30. The following is a geometrical illustration of the 
formula h f (b^ + ^ h) = ^ 



fx dx. 



Let fx represent, as in 
Art 19, theordinates of the 
curve ah, and x its abscissa, 
measured from o along 
0d\ ocsbp ocf = bj -I- h; 

td ss h. Also he 8SS f b^; 
adssf (b^ + h). Then the 

areaa6cd=s / fxdx. 



Now the formula asserts that 



between he and ad there is some intermediate ordinate repre- 
sented by/e in the figure, and by f (b^ -f ^h) in the formula, 
such that fe x cd =. area abed, a proposition which, from 
geometrical considerations, is evidently true. 
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81. A FuneHon is the differential eo^fieima of tie Integral 
Dividing by the result in Article 29, 

Taking the limit of both sides of this equation, when h has 
the limit zero, 

fb^ = differential coefficient ofTt\^ 

by the definition of a differential coefficient Henoe is seen 
tnat intbobation is the ofbbaxion ikyebsb of diffebbn* 
xiahoh* 

32. The integral of the sum of several functions between 
given limits = the sum of the integrals of the several func- 
tions between the same limits. Let the several functions be 

limit of (/i«i+/i*«+/x^8 + 

^1 



/ y^a? rf« as limit of C/La?! +fz^^ ^/a^a + "'ffih)^^ 

Adding,^^ f^x dx '\- /^^ doj ... + Jh^^ dx = 
limit of •••+/. ^i) +C/i^2+/2^2+ — +^«*)+ 

83. .4 constant mtdtiplied by the integral of function hetiveeii 
given limits = the integral of the function mtdtiplied by the 
emetant between the iometimite. Let c be the constant. Then 
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cj^^^x das^c limit (/«^ -i-f^n +/«a + 
as (by Art 16) limit of (p/^B^ 4- c/«g 4- c/*^ + ... c/b^ Sa 



34. To 5/i6>u? i^ai f ^ y dx -\- f ^udy h^c^ ^i^ii ^ 

^(tf a^iu;tton 0/ n, ana Aaiw tiW voJifM c^, u Aa« 

5i, respectively. ^2*5^3 y« ^^ii^g successive 
Talues of the function y ana t^p ... of m hinre, by 
Art. 18, 

/ y rfu = limit of {c^ (2^4 — h^) + (w^j ~ u^) + 
9% («^- + ... + y. 



udy Gs limit of {wj (^i — + 

- yi) + ... + «« C^'* + h ~ yJ}- 

By adding together the quantities in the { }, it will be found 
thieit all in eadi lino except one appear in the othw line with 
contrary signs. So that the sum in question is reduced to 
^jt^i'^^i^L' Hence ... 

35. The coDclusion of Art. 34 may be arrived at from geo- 
metrical considerations, as follows ; 
Let AB be a cur?e re« 
ferred to^ .O^, Op as 
axes of co-ordinates. Let 

OC = 5^, OD as \. 

Then the area ABCD= 



^ydx. 



In the same way, if 
OE=5Cj,OFs= the 



areaABEF 
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Therefore f^^^ da + H^Ciiu figure AFfiBCD = 
reetangle AO rectangle BO x= i^c, — ^x^i* 

30. To determine f dx. In the first equation, Art. S9, it 
is not necessaiy that fx should be variable. Let it = 1. 

Then limit of {Ix -^Ix ... + ^ / 
But» eYidendy, the left-hand aide of thte eqnatum ^h^'^ h^^ 

37. If m and y hefimcHana of each otkar^ 90 thai 

J"^ f^^^ J^J ^y^y C^)' ^' ^ ^ ^^^^ 2/^^* 

. then = $y rfy. 

Tor let (Art. 28) the first of these integrals s=Tx — Vb, 
and the second = Oc. Then 

Let X become w^ia when y becomes ^ 4- ^y* ^hen 
F (« + — F5 = <I» (y 4- - 

Subtracting the last eq^uation from this, 

t:^ = 3y • Tx ••: 

Now this equation is true, however small ix and it/ may be ; 
thwefore, the limits of both sides (corresponding to the limit 
zero of ia and ^y) are equal ; or, bj Art 17, 

= oi'A'^ = ^i' C^i' 

• whence, fx dx ^ 9sf dy. 
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88. To prove that if fxdx^(pydy, and a; he equal to 
bf^ and when y is equal to and C| respectively 9 then 



For let J^^^fxdx z=ij^^^^ydy +J^J^<fiydy, 
theu» by the last proposition, fx = 4- f^y* 
But hj the hjfpothesis ss f 

for this last integral is the limit of the sum of a series 
of ¥rhich the terms are all absolutely zero ; 

89. From the preceding article follow many important re- 
lations among definite integrals. For instance, let^+a=^; 
then c« + a=ft2, c^-^a^b^^ dy=ida; .\ fm^fy^ 
f{iy . and the formula becomes 

Jh, - «) = J^^ ^y ^y = 

Now in the fii*st of these integrals we may, by the Corollary, 
Art. 26, write y for x. Therefore 

r*h^ n b^ — a 
J f{x-a)dx= J fudx (I.) 

Similarly, 

■^a)d.^f^^l''f<cd» (II.) 

f^^*~'"f{b»-»)dM^ f^y»d» (III.) 

Putting y ^a=^x and — ^ = x successively. 
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Putting ^=—a; J^^ ^fxdx ^J^^^ ^^J\^x)dx ... (IV.) 
And generally, if a? = t^^* whence y = ^x, dx = ^'ydy^ 

'/"d'^f^l'A^^W^d', (V.) 

40. Indefinite Integration. We have shown that if 
function can be integrated between any limits a audf 

its independent variable, the integral is of the form F (a) — 
F(i). There is a large class of functions which cannot be 
thus integrated between all limits, or of which the general 
inteffral cannot be found. The first part, however, of the 
science of integration, is conBned to the investigation of 
general integrals. Our object is, therefore, to find the form 
of the function F, which represents the result of the inte- 
gration of the function jf. It is not necessary for this pur- 
pose to find Fa — but, simply, Fa?, from whidi Fa — F5 
may be found by substituting a and b successively for and 
subtracting. In the following chapter, therefore, Jfx alone is 
required. 

CoKOLLABT. It follows that the formula of Art 34 may 
be written 

Jydu-^rfudys^uy^ ovj^ydu^uy—judy, 

41. Differentiation of Integrals, 

From (o) and (0), Art. 87, it follows that 

d fx fd 

^ fxdx=fx^ I ^fxdx\ or, writing a for x^ 
d po, 

^ / / arfa = /a; or, by corollary (Art, 86), 

^/V««i« = /«. Also. 

d r d pb 

From the first of these equations, it appears that the 
differentiation of an integral may be performed under the 
sign of integration, 

o 
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SECTION IV. 

FUNDAMENTAL INTEGRALS. 



43. To integraie i9&#r» a it a podHve finite qumUiiff. 
By Art. 15, putting = 5^ + ^ar, at, = ^ ^ 4- J2^a?, 
= 4- 7i^a, =s 4" + 1) 



« limit of <i^+>«(l + + a?^* + 

a^* — 1 

±= limit of (a^+^ - a^+*^) (1.) 

a** — 1 

Now the quadrature of which the limit is here to l)Q taken 
is finite, since all the quantities are finite. By Art. the 
integral of such a function as a' has a value between those of 
the two quadratures, from which it may he obtained. But 
the quadratures evidently may here be finite quantities with 
the same sign. Therefore^ tkUd integral between theia is not 
zero, nor ii^nite. 

It follows that in (1) the limit of -r is iome exact 

function of a. Call it A. Hheik taking the limit of (1) 



If A be atM^b a Iftnatm ^ a tbat Ass l wben » has some 
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Also, fa' dx =/€^^^- ""'Uw ^2—f^\og,a.»g^^^^^^^^ 



Idgi a logi a ' 

43. To mte^rau Letntsa t", and irken ^ c^t 

let X = h, h^, b^, lespectively. Then 

but « — 6 zs^J^^dx^ and — t* «i 

by Art. 36, and the last artkde mpectiTelr. HenM 
Art, 37, 

dx 

dx =.^yd^i — = rfy. 
Therefore, bj Art. 38, 

since if «=:€^, ^^^log^^. The indefinite integral is 

/dx 4 
-=log.^. 

variabU, 

Let y == or log^ y = (a + 1) log^ a:, a kvmg any 

real value except — 1 ; when y ss or or c,, let a^t, or 
er kj^ mspm^y^j. Thai 

log, y - log, c ^ (a + 1) (log, iif - log, J> 



By the last arUcle, log log cim it. 
and {a + l) (log x - log^ (a 4- 1)^* 



a? 

o 3 
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Then bj Art. 37, ^ = (a + i) — i 



ay = (a + l) /. — —rdy^dx.sfi. 

Hence /^^ V . <3?fl? = — ^ A^^^s^y = — (^2 — <?J 
= — — t(c/+^ — c Also, I of' dm ^ 



a -i- 1 



45. John Bernouilli's ^eriei. By repeated integration 
bj parts, and Arts. 37 and 44, we have, 

— — — r^^^^^dx 

)l dx J 0 ^ dx^ 
a^dX x" d^X p '^ i-^X 



2.3 ""^0 ^5^*" 



2 '2.3 



On the second side of this equation all the quantities are 
taken between the required limits x and 0; since each is zero 

for the latter limit; X, being supposed to be 

always finite. 

If the last term of this series become zero when n is 
sufficiently increased, vie have 

^ dX X d^X 1 ' n • 

By Art. 89, 
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Hence, a criterion that the last series may be continued 
ad infinitum, is, that become zero when n is soffi- 

denfly lai^e, or that then - — - -7---=sO forall values 

of ID between the limits x and 0* 

46. €Uthe him oj the Napierian logatithms. By Art. 4;^, 

f^dx^^' (1.) 

.•./€"^rfar«-/€-'<l(-«)=-6-^ (2.) 

Therefore, in BemouilU's series (Art. 45), if 

Hence the seiies becomes 

i'or all values of x in this series the criteriou of Art. 45 
is satisfied, so that the series may be continued ad infinitum. 
The first side of the equation by (2) is equal to — €~* taken 
between limits 0 and a?, or = — (e"* — 1) 

Dividing by er*, and transferring one term to the second 
side of the equation 



X' or* 



+ _ + _ + ... 

In this equation put « = 1. Then 

Therefore, e is the base of the Napierian logarithms. 
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47t To inHgmte m sin ==: Umi id 

where = 4- (/i 4- 1) ix. 

By a k^own thgononvetnoal formula, 

cog(A«*-B)^cos(A + B) ^^i^siuAeiuB. 

Hmetore, putting Bsz ^ia 

3 sin (5| + sin ^tmm 00s + ^ d^) — cos (5| + f 
9 sm (5j 4- 2 ^ sin ^ J « as (cos 5| 4- f ^ ^) — (cos ft, 4- 1 



Adding these ec^^uation^, 
9 sin ^ ^« {sin (^g 4- + sin (6, + 2 + 



4- sin (6j 4- n 4- 1 ia)} 



= cos(S4 4- i ^ CPS (ft, 4- n t i 
SK cos (ft, 4- 1 pos (ft^ 4- 

sin limit of 

Assuming the demonstration given in the subsequent sec- 
tion on Rectification of Curves, that the limit of ^ -r 
sin i ^« s= 1 has the limit 0, we have, 

^sin adof ^ cos bi ~ cosft,. Alsoy^ sin adof » — cos «. 
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48. To inUgfaU coBwda, 




By the trigonometrical fonmila 

8in(A + B) — 8i]i(A + B) s Aoos AmB; 

we have, putting 

2 cos (pi + ^at) sin ^ sm fan {bi + ^ia) — sin (6 -f i i^) 
2cos(6i + 2^a;)siii^^4? » siii(di + f 8ia(6 + f 



2BiQ^i«{cos(di + Sa) +eos(i, + ^^») + 

COB (6j + 3ta) + ... 4- cos (6^ -i- » 4- 1 ia?)} 

ss — sin (6, + I i«) + sin + i i«) , 



putting limit of ^ -7- sin ^ = 1, as iu the last article. 



This integral roay be obtained immediately from the pro- 
ceding article, for 



where i|| » &i + (» + 




sin (b^ 4- ^ ^w) — sin (&t 4- ^ ^a) 
sin j( 



AISO9 fomxd^^wxio^ 
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49. 10 integrate = — and — t-z — . Siuce 

cos'af mvx 

J sin xdx = — cos a*, ,\ cos a? = — sin a? Jjr, 

y"* sin X dx r» d cos x 1 

-^^ = -J = by Art. 44, 

^ sin'*;^ sin x 

51. To integrate (1 + tan-o;) Ja*. 

. o J sin~a;</;r sin aid? cos a? 

im^adxss — as =— ^^ftf. 

cos^« cos'** ^ • 

* » ■ • 

p . , , (/cos a; 
11 y = sm a; ana c/u = — — 

cos' a; 

.-. by the last article w = also = co&xda, 

C09X 

»/ cosa? 4/ 



« tan ^ — iP. 



OOSiP 

Therefore, y(l + im^x) dassx + fx&w- xdx = tan x. 

5d. Similarly, J^(^l +cotm^x)dx vnll be found to be 
* cotan Xf 

oxJ^{l + cotan^ a?) dx = 
-/{l + Ua.(|-,)}.(i-,)=-u„(:-.) 

(as has been just proved) =— cotan x. 
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58. To integrate ^. If a be not zero, 

J_=JL r-! '—\ 



r dm _ 1 rfjg I /* rf« 

* '»/ «^ — a"* 2a^ 0? — a "i^aj a -i- a 

Now, =s — a), 
■••/j^.=/'^-H(— 

JW^"^ ^ 2S ^""S* ''^^ 

If or be less than a, the logarithm just found is the loga- 
rithm of a negative quantity; and is, therefore, impossible. 
In order to express the iutegral in a possible form iu this 
case, put 

n dx ^ n dm ^ If n dm dm * 

J d' — J — a?-'" )la \ J a ^ X ^ J a mj 

1 1 — m 

= {-log(a-at)+log(a + a?)}= — log — ^. 

dm 

54. To integrate 

mdm 

Lctrfy = </a!+--~-^ -J- (J) 

Now p—^^- = \ f(ai'± o«)-»rf(«» ± a») 

= (** ± «') (Art 44). .♦. = • + («» ± «»)' . 

c 8 
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Also from (1), 

die 

55. To inUgraU : irliere, in order that the 

as (a* IE ary 

denominator maj be possible, is greater than d;*, if «^ be 
affected bj the nefpitivQ mgn. In Ait. 54, write for a, 

~ for and, therefore, ^ ^ dx for 



= log. + i^*;-^ ± } = log, 

/y dm 1 , «# 

.^s = - log , .u ..... ^ 

(si^ce the logarilbm of anjf quantity s9 the logarithm of 
^ta recipvpcat^, 

- log ^ , + 

of which expression the last terpi ^ log. a maj be omitted, 

as it disappears \Yhen the int^g^ial is taken between limits* 

diit 

56, To inUgrate : where a> w. 

Let da as cos yd$f. Then (Art. 48), 
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_ s- I — ss y = 8111 ^ a\ Hence, 

(1 — «Y J cosy 

^? 

sin*-^ J = — cos~i - = — cos""^ - if ^ be included iu 
the Yalue of the integral at its inferior limit. 

itr>f m • dx Cb ^ 

57. To integrate -7-3 — • Let -xdx^Bisi ydu. The 

integral of the first side of this eq[uatioii is — and of the 

X 

second — cos ^; we maj therefore put - = cosy. Hence 
— ^ = sin and /— 7-37- ^ = / ; . ^ = 

- /tfy =^ ss-cos =s-sec^-- 
^4/ a a 4r a a 

58. TaifOegrate 



SB cos-i iZlf (Art. 66) ^ versin-^ |. 

59. To integrate ^^^i • ^et - s tany » 

= a (I + tan-y) «/y (Art 51), 

J# tan-// V/y 1 

- tscn 
a a 
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Collecting the iresults of this Chapter, we have the fol- 
lowing 

TABLE OF FUNBAMEKTAL INTEGRALS. 

/» A&TICI.K 

d'Am^". 42 
log^a 

a;" dx = — — except « = — 1 when, 44 

« + l 

y^ = log,a^ 43 

^ sin = — cos 47 

cos a; . Jo; = siu a; 48 

nj^d^^J- 49 

J cos^o; cos a; 

rCOS X 1 

I -i-^dx=z : OO 

^ (1 4- taa' x) dx = lau a; 51 

(1 + cotau^«)^x sss — cotanj; 6Jl 

«* — a ACk X a 



\ \ a — X , . 



^ X (a- ± x-*)* a ^* « + (a' ± ^0* " 
y-T = sin-* - , or — cosT' - 66 
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^\ = - ^ - 5= - sec ^ - 67 

=s versm ' - 58 



f 



f 



— xf a 

dx T ,.r 
r = - tan~'- 



. . -=-tan-'- 59 



60. The foregoing integrals are all found in terms of loga- 
ritlimic, exponential, and circular functions. Tables may be 
obtained nvhicli contain numerical values of these functions 
computed to any required degree of accuracy. Therefore the 
values of these integrals may be completely determined. 
Similarly, other integrals which can be reduced to any of the 
forms in the precediug list, may be completely determined. 

61. The operations of iotegration consist chiefly in reducing 
integrals to these fundamental forms. In many cases, bow- 
ever, this reduction cannot be ejSected by known methods. 
Where it is impracticable, resort is had to methods of express- 
ing integrals in terms of convergent algebraical series, or in 
terms of elliptic and other functions not contained in the 
preceding list, but which Lave been partially tabulated. 

62. For the present, however, attention will be confined to 
those integrals which can be reduced to the forms investigated 
above. The methods of ei£ectiug this redaction may be 
classified as follows : 

1. Integration by Algebraical Trausformation, 
Ji. Integmtion by Parts. 

3. Integration by Formulas of Reduction. 

4. Integration by Rational Fractions. 

5. Integration by lUtionalization. 

Of each of these five methods a brief account will be 
given in the following sections. 
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SECTION V. 

INTBOBATION BY ALOEBBAICAL TBAKSVOBKATION. 

63. Tins method, of which instances occurred in Arts. 54, 
50, &c., consists in finding for the expressions to be inte- 
grated algebraical equivalents which are of the forms of one 
of the fundamental integrals, or are the sum of quantities 
having any of those forms. The requisite transfonnation 
is effected bj substitutions and other processes, for which 
n6 general rule oan be given. It is only )oj cmtiaual 
praetice and experience of the effect of various transforma- 
done that faeiMlf in the successful apflkotkm of this method 
oi intigiution.oeii be attained. One or two examples ar^ 
appended, but for an ade^oafee knowledge of the eal^eoft, Hie 
Btudent mwt be referred to larger eoUeetiens cf examples of 
the Integnd CalcnlAs. 

04. Every polynomial of the form (a -f ^.a? -f ex"- -f .. da;, 
may be integrated iu finite terms when w is a positive integer, 
find the number of constants a, b, clx., finite. For the poly- 
nomial may be raised to the power n; the result is the sum 
of a finite number of terms involving only integral powers 
of and each term may be integrated aeparateljr. 

05. For example + dx^J' {fr + '2ai/a-^ b'x )div 

G6. If the function to bo iutegmted can be expressed 
as the product of two quantities, Fa;, and dFoiy or more gene- 
rally (Fxy\ and d¥x, it may be always integrated. For if 
ya be put = the expression takes Hie form of which 

the integral (Art. 44) is ^ • 

67. For example,y(a '^ba + ex^) + 2 em) dm becomes, 

if rt + ^ « 4- c a;*' = ^, J^ydy == iy- = ^(a + -f ex")-. 
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68. Again,y ^og. ^ (log. d{\og, 

^ « + 1 

69 r ^ r ^0"^ ) ^ / -^('-^) 

V + 1 ^ f-^ 4- 1) y 1 + 

70. All the preceding formuliB for integrals of functions of 
X may be extended to like functions of a + hx^ hj putting 

0 

In this manner it will be found that 
a«+»* dm I 



b log, a 

dx 



/■ 

j^^..= -log.(.,4-^a;) 
y^(a + bxy d» i + ^^^^^^ ^^ = - 1 

sin (a + J jr) sBs ^ - cos (a + 

y» I 
cos (« H- bx) dx = ^ sin (a 4- bx) 

y {l-\'tBxi'(a + bx)\dx=zitm(a + bx) 
^{1 + cotan2(a + bx)} 6/4? = - 1 cotan (a + ba). 

71. A dmilar extension of fonnulfB for functions of 
a ± to like functions of a + 6« 4. cx\ where a, ^, and 
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e are poritiTe or negatiye, may be effected by the folIoi?ing 
transformation: 

if - — ^ ss A, where A may be positive or negative, and 

Hence it urill be found that 

dy 



/• dx r* dy 



A 



(A negative) 
1 1 w 

- tan" * ^ (A positive), Art. 69* 



y» dw \ n dy 



'= ^<>gi + 0* + A)*} (c positive, 

A positive or negative), Art. 64. 

1 y 
= ^3^^8in " ^^7^ (A and c negative), 

Art 56, 

(impossible if A be positive and c negative). 
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SECTION VI. 

INTEGIIAHON BY PARTS. 

7Ji. A FOBMni«A has been given, in Art. 40, of which very 
extensive use is made in integration, and of vrhicb applica- 
tions have been already given in Art. 45 and 51. This for- 
mula, called the formula of integration by parts, is 

Any diirei oiitial function of one independent variable may 
be put in the form udv* If, iheii,J*vdu can be fowidfj^udv 
can also be determined by the preceding formula. 

7S« To integrate x log^ adx. Let log, « s tf| i?hence 

d X 

— ss du (Art. 43). Also let xdx ^ dv, whence ^ «^ s= v, 
.(Art 44), 

1 /» 1 dx 

= ^«^log, » — Jar*. 

74. To integrate Xh"" dx, luQti'dx^dv. Then ss v, 
Art. 41. Also, let a; =s ; dxssidu, 

J Xk''dx= J udv = Ml? — Jvdu ^x%' ^ J^i' dx 



=SX%* — I-. 



75. To integrate J IM dv = 

^^fSt:^^, .'.{Att4A)f>^-^—^. Also let u = 
(1 — x'f ^ ' 1 -^ar 
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The formula gives 

/x"^ dx ^ I X \ n dx 
(1— 5 57 

\^x' "^^y 

^ 1 « 1 a?— 1 

76, To integrate dx (a^ Siuce 

— T f'7 V 

Therefore, d {or — x^f = 



Hence» Integrating by parts, 

coiisequontly, transferring to the first side of the equation 
the last member of the second aide, we have 

y dx (a- - x'f « 5 - «7 + ^ a' Bin-' ^. 

77. To inUffraU m omxda* Putting yoot mdM v^$&sia, 
we have J^acos xdsi ^mmix ^f%m»dx 
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78. To integrate ^coBxdw. Peifonning fhe operation of 
integration bj parts twice» 

= <*oo0«H* efdnx'-'J'^ooBxdx. 

Transposing and dlTiding both sides of the resulting eijua- 
tion by 2, 

yVc09«(f« as J €»(cpsa: -J- fiifix). 
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SECTION VII. 
tcismua OF beduozion. 

79. By FormulfB of Eeduction, integrals involving powers 
of functions arc expressed hy integrals involving higher or 
lower powers of the same functions. These formulae are 
obtained by the principles of integration by parts and alge- 
braical transformation. 

80. For instance, the integral of o;*^ cos 4? may be made to 
depend on a function of oT"^ ; the latter, similarly, on a 
function of x"*^, and so on continually. If m be a positiYe 
integer, and the process be continued a aaflSdent number of 
timeSf the last integral is lliat of cos « or sine, which have 
been found in Art. 47 and 48. 

Integrating by parts, 

y iif cos^ s: ^sinA) — m Jw*^"^ mnatda 

= x"" sin^i; 4- ma^"^ cos « — w . «i— 1 .y cos adx 

= 0)"' sill X 4- mx cos x --m.in — 1 sin x — 

m . }ii — 1 . i» — 2 oT-^ cos« + iScc. 

the positive and negative signs succeeding in pairs. 
For instance, let m = 4 

ss«*sinjD + 4.«*cos« — 8.4y«^co8<prf« 

s=«'sin.^' + 4 .^c^cos^ — 3.4ar8ia;i; + Q .^.^J'xBmada 

= sinx 4- 4 a' cos x — 3 . 4 . a?*^ sin^ — 

8.4.^.«cos4; + 8.4.2.1 sin4?. 

81. The preceding integral is an instance of a general 
formula which is an extension of John Bernouilli's seiies. 
By the same method as that by which Bernouilli's series was 
obtained (Art. 45), we have, if P and Q be functions of x. 
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and Q', Q'^ Q'^' ... successive differential coefficients of Q 
\?ith respect to and 

Pi ^f^dx, P, ^fv.dw, P3 ^Jv^dx, (fee. 

/PQ dx =. QP, -/q'Pi dx 

= QP, - Q'Pj, -t-/Q''Pj,<^x =: &c. 

~ QP, - Q'P, + Q'^P, - Q'''P4 + Q'"'P, - . . . Q^ '^ P« 

8d. To integr€U0 ^r^e*, n being a positive integer. Here 

Q"' as« ,« — 1 .n — Ac., 
Q(»>»n.n — 1... d.l, P=se«, Pisse*, P^ssc*, &c 
Therefore, 

J x^'eUix = .tr^e' — -f w . w — 1 . of-'e' — ... 

» . n — 1 ... . 1 .f^dx 

n.n— 1 ... 2. 1). 

The formula of the kat article but one is inapplicable, 
except where the soccessiTe integrals P,, P^^ P, ... are simple 

quantities, and Q<*> sudi thatyQ" v^dx may be found. This 
will not generally be the case for fnnctions inyolving frac- 
tional indices. Such functions may, however, be frequently 
reduced by combining integration by parts with algebraical 
transformation, as in the following example 

ft 

83. To integrate (o- — x'^^dx, n being an odd integer. 
In the formula for integration by parts 

J*udp ss ttf^ fiodUy let (a^ — fl?')! = «, 

N 

Then — wo? {a^ — x-) dx :=i du , dv =i dx, 
/(a^^a'j*dx^{4i^^^(x?jia + n/(a^^x')^^^ a^dx (1.) 
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Now, 

Integrating tliis equation, njijar ^x)2 dx =s 

nd'f{Q^ « - «/(a' - ... (2.) 

Adding (1) and (2), and dividing both sides of the re- 
Bulting equation b j » + 1, 

Hum fcMrmolft of r^ii6tiMk« the mtegral i0 mide to 

depend ultimately on J'(a^ — x'^)~^dx, which has been found 
in Art. 5G. 

84. To inUgrate ^ . * la the formula of integration 
,,du^^yr^jj^i' Then 

Wheneeii transposing, putting + 1 as n, 
_ ±1 £ ^ 2» — 3 dx 
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When n is> a positive iuteger, this formula of reductiou re- 

2 3 =: tan** - (when 
^ has the positiTe sign). When has the negative sign, 
the ultimate integral is / j « S~"^<^g • 

8y. To integrate ^ . ■ , — — = — / — ^ — - — r- 
(Art. 44, except when w = 1), 



/" dx 



(c - h') {{x + + (c - ^ )} 

by the last Aftiele, pttttiDg + i &>r ^, and foi a'. AU 
the constants maj be positive liegatiYe. 

When i>i = 1, we have from the hrst equation of this 
article and Arts. 48 a»d 59^ 

/(A -h ^x)dx B. , o V 
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SECTION VIII. 

lUTJOKAIi FBAOTIOKS. 

86. A rational integral f unction of x is the sura of a finite 
number of terms which involve onlj positive integral powers 
of a;, and these as iactors. 

87. A Jracdon rational with respect to « is a fraction of 
Which the namerator and denommator are rational integral 
functions of w, 

88. The partial fractions of a given rational fraction are 
tliose rational fractions ^vith different denominators of which 
the sum is equal to the given fraction. 

89. If the numerator of a raHonal fraction, cleared of 
negative indices of be of higher dimensions in a than the 
denominator (i,e. contaui higher powers of a than the de- 
nominator), the fraction may he reduced to a rational integral 

function, -f a rational integral fraction of lower dimensions 
in the numerator than in the denominator. 

For if a rational function of x, ax^"^^ -f ^.1?^+^"* 4- he 
actually divided by another such function of lower dimensions ^ 
in X, Ax^' + Ba?P~^ + Cx^*^^ + ... {p and q being positive 
integers), it will be found that the quotient consists of terms 
with descending positive integral powers of x, commencing 
with the index and ending witli the index 0; and the 
remainder, after division, lias terms with only positive inte- 
gral powers of a?, commencing with the index jt? — 1, and 
ending with the index 0. So that 

nojp+tf + + ec^9^ + ... 

• . . ^HHB 

A.«. + B.*-> + ... + ■x;^s^,zr:p77' 

where the coefficients Aj B, ... a, Z> ... are to be determined 
in the course of the process of division. 
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90. The rational fuuction A, + Bia?^^+ ..• is imme- 
diately integrable by Art. 44. So that for the complete 
integration of a rational fraction, all that is required is to 
integrate a rational fraction of which the numerator is of 
lower dimensions than the denominator. ^ 

91. If in any rational integral function of he a«- 
simed to have the value bx-^-Cy the function becomes linear 
(i^e. of one dimension in a). For = {hx + c)w 
by the hypothesis; ^hx^ -\- cx^ which again, by the hy 
pothesis, is equal to h(J>x + c) -f cx, which is linear. 

So, likewise, may a^, oe^j &c., be reduced to a linear form. 
So that any rational function of a takes the linear form 

ax + ft 

when -f c is substituted contin ually tot x; o» and being 

quantities not affected by 1 . 

9d. If the preceding aw+0ssO (1), ^en «=sO and j3s=s0. 
For the original assumption s ft + gives of ss 
^ {ft + (i?^ + 4c)4}, and « = - + Therefore 
equation (1) is required to be true for two dmerent values 
of a (except when Ac s— ft^); call them w^t Then 

Subtracting, a {x^ — x^ = 0, a = 0, since — x^ is 

not zero. 

Substituting a =: 0 in either of the equations last written, 
we get /3 s= 0. 

93. To show that real quantities^ A and B, independent of a?, 
may be found such that 

^ Afl? + B 

where ^x and <f or are rational integral functid&s, and do 
not contain as* — ft c as a factor, ^ rational fraction, 
and n a positive integer. 

(«»-ft4r-c)«^ir ^^-^ 
Now, by a principle proved in the theory of equations, any 

D 
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rational integral fanetion of w contains '^h»'^e as a 
factor if the function = 0 when a?^ — 6^r? — e w 0. 

The numemtor on the first side of (2) is a rational integral 
function of x. If, therefore, real quantities A and B oan 
be daf^rmined, so that this numerator bO when ii^—hm — 
essO; then the numerator ie divisible once, 9X least* bj 
4^ — fr« — c. 

The quotient will be a real rational integnd function fgm. 
Then (2) becomes 

(a'^bx^cy-'itw'^^^ 

or ^0 & rational Iraction. 

It only remains to be shown that A and B are real quan- 
tities, when determined by the condition supposed, namely, 
that 

4>a — (A« H- B) ^a? = 0 ... (4), when «^ — da? — c ss 0. 

It has been shown by the last article but one, that -when 
a?' — bx ~^ e OT = bx c, (px is reduced to the linear 
form ctx + 6, and to a similar linear form a,^ x -f 
where a, ^, a', are real q^uantities; therefore, (4) takes 
the form 

-f g — (A<» + B) (w'^ + go = 0, 
or, multiplying the quantities in parentheses, and putting 

aa? + /9 — Au' (bx c) A0'x + B {of X -f- /S') = 0. 

By the last article the coefficient of » in this equation is 
zero, and the quantity independent of a; is zero, or 

• — A (a'^ ^0 C, 
^ — Aa'c -Y B^l' = 0. 

(Except, as before, when •>-4c=:5^, when («^—- iof — c)* 
= — I fe)^"; see nejct article but one.) 

It is clear that the values of A and B found from these 
equatiottd aire real quantities, independent of 

From (1) and (8), 

Ax B 



(«.) 
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04. Supposing the last fraction iu this equation in its 
lowest terms iu x' — bx — c, we have, similarly, 

<f>xa A,« + B| 

{Of" — bof ^ ^m' 

and so on. Therefore, generally, 

ff^a Am + B 

— ^o; c)" ^« — ba — cy 

AjA 4" Bf Andy 4" B« 0^ 

+ -; — » 



where ^« is a rational integral function of 

95. To s^i^ ikat a real quantity, C, imlejjendent of «f, 
may he found $uek tkai 

where <f}X and i^a; are rational integral functions o£ a, ^ 
rational fraction, n a positive integer, 0a not zero, and 
not zero. 

-^=X« » (2.) 

Let C = (winch is iinite by hypotiiesis). 

Then cba: — -drx, the numuiaLui oi tiie fraction on the 

first side of (2), is zero when m^a ia zero ; and, therefore, 
is divisible by ^ — a, once at least. 
Then ($2) becomes 

^- SBXfl?. 



From this equation and (1), 

- ' (^.) 



(aj . a)» (jg — a)" (a? — a) ^« 



n 2 
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96. If the last ficaction in (p) be in its lowest tenns with 
respect to — a, tbe numerator does not contain a — a, and 

^1 a is not zero. We, therefore, proceed as before, and put 

and 80 on. Therefore, ultimately, 

C C| <t>x 

(« - " (« — a)* (« — a)— • itw' 

07. In the formula marked («) and (0) in the last article 
and the preceding, respectiyelj, the nomerators f f^^w^ 
&c., have been supposed not to contain the simple or quadratic 
&ctor expressed in the denominators. If, however, either of 
these numerators happen to contain any number of times 
a factor of its denominator, reduce the rational fraction by 
division by the factor that number of times, and proceed to 
reduce the resulting fraction into its partial fractions. 

98. If the qnantities U,, ... rep-esent quadratic, and Vj, 
Vo ... simple JactorSy we have, by the last two articles, con- 
tinually reducing the rational fractions into partial fractions, 

<i>x 



U»i U,»'-» 
^ A^g + B^ . A>.+B/ . A',H« + B'«, 

+ Ac. 

C O1 Out, 
+ &c. 
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99. In resolving rational fractions into partial fractions, 
the greatest difficulty occurs in those cases in which there are 

quadratic denoiniuators of the partial fractions, and their 
numerators are tiicreforo linear lu x VViierc, however, the 
partial fractions have only simple denominators, there are 
no (A)s and (B)s, and the numerators (C) are easily found 
by either of the following methods. 

(1.) Clear the equation of the last article of fractions, by 
miutiplyiDg by the denominator of the first side. As the 
denominator is supposed to contain no quadratic &ctors, it is 

equal to V,*"!. V^^a and therefore is of tw, + -1- ... 

dimensions iu a. Therefore, when the equation is cleared 
of fractions by multiplication hy this denominator, there are 
terms in the second side of the resulting equation of (wi, -f rn.^ 
-f ...) — 1 dimensions in a?. The new equation contains, 
therefore, (m^ -\-m.^-{- ...) different powers of and (equating 
coefficients of those powers) there are therefore nii 4- + 
equations to £nd the »»| + + quantities (c). 



Example. — To resolve 



ar» — »- — « + 1 (»— ly {at + 1) 
into partial fractions. Assume 

1 c c. a 



(«— 1)^(«H-1) 1 ' (« — 1)' ' « + l 

dealing the equation of fractions 

1 = C (a;' — 1) + (ic + 1) 4- C^{w' — 2a? + 1) ... (a.) 
Equating coefficients of ic\ 0 = C + 

of 0 == c, - ac, 

ot af.lss — c + c, + c^. 

Adding these equations, we have l=dC|» .*. Ci ss ^. 
Substituting this in the second of these equations, we have 
s |, and therefore, from the first equation, C s 

da ^ /* c^g 1 r * dx 
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(2.) The numerators of the simple partial fractions may 
be found bj another method, which is frequently more con« 
venient than that of equating coefficients. In uie equation 
cleared of fractions, giye » successively the values which make 
each of the (v)3 zero. Then, in each case, all the (0)3 
disappear but one, which is therefore determined. 

For instance, in the equation (a), in the last eicamplc, put 
a; =s 1. Then {a) becomes 1 = C, . 2 or ^ = C,. 

Put a? ss — 1. Then {a) becomes 

1 s= . 4, or Cg = i. 

100. By this method of substitution, it is clear that as 
many coefficients (C) are determined as different simple 
factors of the denominator of the fraction to be resolved into 
partial fractious are made 7:ero, But when this denominator 
contains lii^^hcr powers than the first of any of its factors, 
there are more (C)3 to be determined than there are different 
factors. For instance, in the example just Considered only 
two different factors «f — 1 and ^ + 1 can be made zero, and 
therefore only two out of the three (C)s can be thus found. 

To determine the remaining (C)si differentiate each side of 
the equation equivalent to (a; in the last example; for since 
that equation holds for all values of 4^, the dlfiferential coeffi- 
cients of the two sides of the equation are equal. 

In the new equation obtained by diffisrentiation, put the 
factors 0 successively, and so obtain more values of (C)s. 
Then, if necessary, differentiate again, and equate factors to 
zero, and so on continually, till all the (C)s are found. 

1 or instance, in the last example, differentiate (a), then 

0 = C . Ji« + C, + Cj,{i . (« — 1). 
Futa^=sl. Then 

0 = C.;i-fC|, since Ci = |, C=s —i. 

101. We will take, as another instance, a fraction to be 
resolved of which the denominator contiiins the third power 
of a factor, and which therefore requires two successive 
differentiations. 

aa^^-hi _ c c 
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Cloaring thitf eqtMtion of fractions, 

a + 1 = c — + 3y + c, - a) (a + 8)^ 

Putting a? = 3, 9 Ga . 25, =« 

1Q 

l^ow difforantiate (a). 

4^1? « C {2 (« — 2) (a? + 3)- 4- ^2 (« — 2)' (a? + 3)} 
+ C, + 8)^ + 2 (a - 2) + 3)} 4. c, 2 (a? 4- 8) 

4.<j{8(«-.2)3(4> + 3)T(«-2)'}+ai8(«-2)2 ». (6.) 

00 9 

PttttiDg 2, 8 Cj 25 + C2 .10, /. = since = ^ 

39 1 / 57 3 

DiffetMitiate (6), fskUning cnly term nohieh do mi tanish 
whmm^il; then 

4 = C2.(«-i-3)?-f {2(4?4-3) + 2(» + 3} + C,.i>, 

ii; being supposed = 2. Couse(iuentlj, 

4 = C . 2 . 5- + C, 2 . (5 + t>) 4- 2 C =-'p 



2:r^ + 1 3 22 9 



(a? - 2)* + 3f 2) ' 6*(« — 2)« * 25 (a 2f 

as may be yerified. 

102. Where the denominntor of the fraction to be resolved 
contains quadratic factors (and esjpeciailj where each such 
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factor is trinomial (=4i^—&4t—c), the difficulty of resolying 
the proposed fraction is considerably increased. The student 
unll probably be inclined to think that considerable labour is 
saved by the following method, if he will compare the amount 
of \sork which it requires for a difficult example with the 
amount itquned for tlie same example by other methods 
which have been proposed. 

Assume the proposed fraction to equal a series of partial 
fractions, as in Art. 96. Clear this equation of fractions, and 
so obtain an equation corresponding to (a) in the last examples. 
In this equation make each quadratic factor ar^ — bx — c = 0 
{i.e., substitute bx c for a;-). Then the equation may 
be reduced to the linear form ax = 0 (Ait. 91), and 
a = 0, fisstO (Art 92). From these two equations the A 
and B corresponding to the &ctor — - — c may be found. 

This method will give as many different (A)s and (B)s 
as there are d^erent quadratic &ctors, successively made 
zero. 

If there be more (A)s and (B)8 (t.e., if auy quadratic bcUar 
appear in (a) of higher power than the first), €Ufferentiate(a), 
and in this derived equadon make all the quadratic factors 
zero successively, then, if necessary, differentiate again, <and 

in the second derived equation make the factors again zero, 
and so on continually, till all the (A)s and (B)s are found. 
The (C)s, if any, corresponding to simple factors, may be de- 
termined from (a), and the derived equations by the method 
already explained. 

Let us take, first, an instance of tlio simplest case, that of 
quadratic fiactor, which wants its second term, and is therefore 
binomial. 

103. Toinugrate 

Aa + B C C, 

Assume 7 ,.0/0 . ,^ = .. . , -I r4- 



— 1)' {x"- + 1) x' -i- i ' A" - 1 ^ {^-If 

/. x' = {Ax 4- B) {X - 1)2 + c (a?2 -h 1) - 1) 
- + 1) ... (a.) 

Fintf to determine the (C)s by the method of Art. 9S» let 
s 1, 1 ss C| . 9, or s= 



Digitized by Google 



BATIOMAL FBAOnONS. 57 

Differentiating (a), and for brevity reuUmng cnltf terms 
which do not vanish when s 1, we htm then 

3«»=sC(«^ + l) + Ciftj?, 

where x =si 1. Cousequentlj 3 = C • ^2 + . 2, or 

Secondly^ to find A and B by the method of the last article. 
Make the quadratic factor zero in (a); i,e. put 1 for or^ 
continually; (a) becomes (expanding (m-^Yf and patting 

— = (Aa? + B) (— 1 — 2« + 1) 

=s a A — 2Ba; (putting — 2 Aa;^ = 2 A), 

which is of the linear form required by Art. 91. By Art. 92 
the coefficient of or in this equation, and the quantity inde- 
pendent of are each zero ; A s= 0 ; d B — 1 s= 0» or 

B = |. Hence, 



0^' 



(«— 1)^ + 1) 

1 111 
■i- 1 — 7 + t: 



Next take a case in which all the operations for resolving 
partial fractions are required, and the quadratic factor is tri- 
nomialt and raised to a hi^er power than the first. 

fraction = -^?l£±^^ 



a?^- -I- 3;,. 2 = (Aa + B) — a? -r 1) (« - 1/ 
+ (A,a? + BJ (a? - 1)2 4- C + 1)' («- 1) ' 



n 3 
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First, to determine the (G)s, Art. 100. Put xtml^ «% 8fltaC|. 
Differentiate, retaining only terms irhieh do not violiitti 
when « = 1» 

where « = 1, .•. 5=C + 2Cj, .-. C = l. 

Secondly, to find the (A)s aud (B)s, Art. 102, put x^^x—l 
continually in (a); (a) becomes {x — 1) 4-3« — 2 =(Aja?-f B^) 
(a:— 1— J^oj + l) = (A^a;-fBi)(-- x)= — A^{x 1) — Ba:^ 
or 0«3H- Aj — a:(Ai -f Bi 4-4), whence iVrt. 92, A|SeO^ 
or Aj as - a. Also Ai -f- + 4 = 0, =B 1. 

Now differentiate (a), retaining (for brevitj) only Urmt 
which do not vanish when 9? — a; + 1 0, 

3« + 3 = (A« + B)(aa? — !)(«-. ly + Aj (« — 1)« 

(A.o: + B,) 2 (a; - 1), 

when s oi 1. Making this snbstitation continually^ 
to bring the equation to a linear ibrm, we have, since 

(a?- 1)^=:— 

d« + 3 {%A (o; ^ 1) — A« + B (do? — 1)} ( — A?) 
— 2A^4? + 2Aj(« — 1) + Bi2(a?— 1) 
= (Aa?4-2B.c--2A — B)(— a;) - A^a?4- 2B^a?-.2Ai — ;iBi 
Oste— 8 — (A + aB) (« — 1) 4- (2 A + B)d? 
— (Aj — 2Bi) « — 2 Ai — 2Bi. 

This equation being of the required linear form, make 
the coefficient of m and the quantity independent of m each 
sss 0. Art. 92. 

0 = — 2 4- A— B — Ai4-2B|, A — B=l, 

0=s — 3-hA + 2B — 2Ai— 2Bi, A -i- 2B = — 5, 

Hence the proposed fiaction is equal to 

4- 2 8a» + 1 1 2 

(a?2-*« + l)«*'"?^ (* — If • 
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= 75 ^ -73 - + 3 - ^ + ^ 



Art* 85. 
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SECTION IX. 

BATIONALIZATION. 

105. The last method of reducing fnnctions of one variable 

to integrable forms which we have here to consider, is the 

method of PuitioDalization, which is a system of algebraical 
substitution, by which, for an irrational algebraical function, 
is found au equivalent which is rational, and therefore 
integrable bj the preceding section, 

106. A rational funeHon hoM a rational differenJtial coeffi- 
cient. Every rational function of z may be reduced to the form 

and it is clear the differentiation of this quantity cannot 
introduce fractional indices of z. It follows, that if a? be 

dx 

fmy rational function of js?, ^ is a rational function of 

z^Vi^'y suppose, .'. dassUg^dZf where is a rational 
function of z, 

107. A regional /unction of a rational function of x is a 
rational function of a. For if ^, ^ both indicate rational 
functions, involves only integral powers of a?, and ^(/«) 
involves only integral powers of fa; ,\ ^{fx) involves only 
integral powers of or is a rational function. 

108. A universal method of rationalization cannot be given, 
as many irrational expressions are reduced to rational forms, 
by artifices peculiar to the cases in which they are applied. 
But the most general principle of rationalization may be 
stated as follows : — 

Suppose that the expression to be rationalized is a rational 
function of an irrational function (l^) of x^ and of a rational 
function (R^), so tliat the expression to be rationalized is 
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where f indicates a rational function. Then assume, if 
possible, X equal to such a rational function of that I, 
becomes equal to a rational function (R,) of z. Then also, 
by Art. 106, dx ^"SC .^dz. Also, by Art. 107, R, = R",, 
another rational function of z ; 

But / indicates a rational function. Hence, by the article 
last referred to, /(Rj, ^*^^\d» is rational in jzr, or 
^^dx is reduced to a quantity which is rational, 
and therefore integcable by the methods of the preceding 
section. 

m 

(ax -|- ^ \ 
r- ) dx, where R« is a 
a^x ± oj 

rational function of m and 772, n positiye or negative integers. 
This is a particular case of the last article. 

Let ^5^^^ = ;8?", /. « = --j 21^ (1), 

or a; 28 a rational function of z. Then by the last article, 

m 

and so the whole of the proposed expression is rationalized. 

110. To raHondUze (afw-^- h'Y (aa + by da, where one of 
the three quantities 

ft, y, or fft + >^ is A positive or negative integer (2.) 

In the expression proposed to be rationalized in the 
last article, put R,s(a'di-f^)', where i is a positive or 
ne^tive integer. 

Put a, =s ^, 3i 3s ^. Then the expression becomes 



m m 

I — 



(a' a + b') " (aa + by dx, 
which may be written 

(ffa + by {ax-hbyds, 



Digitized by Go ^v,i^ 



6d INTBGlUIi OALOULI^S. 

where ^ + v(bs t) is an integer, or satisfied; lUid hj 



1 1 



js" k 1 1 • i • ^3^ 



Next, let R;r = + let = 0, 4i = 1. 

Then tiie expression tationalized becomes 

m 

{afxJt bj (^ax + b) " Jo;, 

which, again, is of the htm 

(of at + bT iaa + ^)'' da, 

^vhere one of the qtiaulities /x or v is an integer, and the 
condition (Ji) is satisfied. In this case (1) iu the last article 
becomes 

a« + 6 = «", ^ = — ^1 — (4) 

111. I'o ratiotiolize of (aafl -i* b)* dx. 
PtttiLVsed;^ A ~.t« ^xaicii/dr« d^aftx^y and the 
expression propoeed to be rationalized becomes 

1 ^ + --1 

ix« « (ax 4- <i^3t. 

This MfflL be ttitiontfUeed fay Oie htt4 arOele, whenever 

J- i — 1 is an integer, and, therefore, ^- an integer; 

or^4--. — 1+ - an integer, and, therefore, J- — 

g 9\ «* y » 

an integer 

The Fint Cfknion of rationaliaatioii of 

m 

is, that -^"^ ^ he a positiTe or negatire integer, when 
* q 

(since « x) we have to assume + * = by (4). 
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J) "f" 1 

The Second Criterion of lationalization is, that ~ h ~ 

q n 

be a positive or negative integer, iwhen we have to assume 

^ = ^" (^)- 

lid. The method of Art. 108 maj be extended to several 

irrational functions 1^!^ I^'^ l^^^ ... if it be possible to assume 
a such a rational function of sf^ that these irrational functions 
of m become equivalent to rational functions of ss. 
For instance) if the irrational function of m be 

-where m, ft, &c., are integers. 

is rationiil in 0; and so the whole expreeiion may be 
fatienaliiMd* 



Digitized by 



64 



INTEOfiAI. CALOULVS. 



SECTION X. 

JNTBGHmON OF FUNOTIOMS OF 8EVEBAI. YABIABLBB. 

113. Wb have hitherto considered the integzatioii of funo- 
tions of only one independent variable. The magnitude of a 
quantity ma^, however, depend upoa the magnitudes of several 
other quantities, each of which is susceptihle of independent 
and separate variation. 

For instance, the cubic content of a right cylinder de- 
pends on two independent magnitudes, the altitude and the 
area of the base. Each of these magnitudes may be con- 
sidered to vary independently of the other, for we may 
conceive the existence of any number whatever of cylinders 
with equal bases but different altitudes, and of any number 
of cylinders of equal altitudes but different bases. 

Again, the content of a rectangular parallelopipcd is a func- 
tion of three independent variables the lengths of three of its 
edges. The content of an oblique parallelepiped is a function 
of five independent variables, namely, the lengths of three of 
its edges, and the inclinations of two of them to the third. 
The weight of a solid is a function of two independent 
variables, its volume and specific gravity. The time of 
vibration of a perfect pendulum vibrating in vacuo is a 
function of three independent variables — ^its length, the force 
of gravity, and the extent of the oscillation. 

1 1 4. Definition. The QuadnUure of a finite continuous 
function of several independent variables having a limited 
range of values, is the sum of a series of different values of 
the function, each multiplied by the differences between the 
corresponding values of all the variables and their next pre- 
ceding or succeeding values. 

115. The Multiple Integral of such a function is the limit 
which its quadrature has when the differences of the inde- 
pendent variable approach zero, and their number infinity. 

[These definitions are extensions of those of Articles 16 
and 17.] 
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116. Let f{z^ ofyW ..,) be a finite continuoiis fanetion of 
any namber (N) of independent variables. Suppose values 
given to ;8r, fiji values to values to Then the 
total number of different values of the function will be the 
total number of different combinations of n^-{-n^-j- + ... 
different things taken N together. 

Let Z, z, Y, y, X, X ... be the superior and inferior limits 
of the several variables. If S be understood to be the 
abbreviation of the words " sum of terms of the form of," 
the quadrature of 

where bz, hi/, bx, indicate differences between succes- 

sive values of the variables. Also, 

limit of 'Lf(z,y, w*.,)hz.hy.hm^hw.; 

(when hz, by, bx, bio approach the limit zero), is equal to 
the multiple integral of f(z, y, w ...) between the limits 
Z, z, Y,jf X, X ... This multiple integral is written 

the sign y* being repeated as many times as there are in* 
dependent variables. 

1 17. MvUvpU integrals found meemitfe integratUms. 

Let z.,, z.^ yj, <^'C., be successive inter- 

mediate values of the variables between their limits. Also, 
let d^Pp hz^ hz^ ... by^j by^t by^ ... &c., denote the successive 
differences of tiie values of the variables. The integral is 
the limit of the sum of terms of the form 

Fmt. The sum of the terms in which z alone has dif- 
ferent values, while the other variables have their first 
values, is 

of which the limit (since here z alone varies) is equal to 
limit of by^ ba^ .•. /(^, y^, ...)*». 
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This integral being taken between limits, involves only 
those limits, which maj be functions of x, y, ... or any other 
quantities whatever. But the variable intermediate values 
of X disappear (Art from the integral, which^ therefore, 
takes the form/i(j^^, Wp m being omitted* 

Sicondlif, Add all the terms in which m alone varies, y 
hftving its seoond value, or, 10 ... as before their ftnit values. 
The limits of the sum of these is 



=s limit of . a^'x ... Xi (^2* tt'i •••)• 

Similarly for the terms is y^, &c. The sum of all 
these is 

{fii^v ^1' ^1 •••) +/(y«t ^1, •..) fi^a 

of which the limit is (hj reasoning with respect to y similar 
to the preceding with respect to a) the 

limit of SiCj . 820X '*'^J^ fi C*i» 

s= limit of 

^ being omitted from j^. 

Oontanoing the process, w successively disappear 
by successive definite integrations; and the final result, or 
required midtiple integral, is the result of as many succes- 
sive integrations as there are independent variables. 

Heo^e, whei^ tfiere Ikre only two independent variables, 
if f be the last of the independent variables, this result is 
of the form 
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where there are three independent Yaxiablesi 

nZ p% 

And, generally, a multiple integral is formed hy inte- 
grating the projwsed function tcith respect to one variable ^ 
as if the others vere constant; substituting the limits of that 
variable; integrating the result with respect to another vari- 
dbUp as if the rest were constant; substituting tlie limits, 
and 80 on, till as many integratiom have been performed as 
there are independent variables, 

118. Order of iyitegration indifferent. The sum of any 
number of quantities does Tiot depend on the order in which 
they are added. Hence in the summation of the quadrature, 
the terms involving different values of any variable may 
be first collected, and the limit of their sum involves an 
integral with respect to that variable. Therefore, the vari- 
able with respect to which the first integration is performed, 
is indifferent Similar reasoning applies to the other in- 
tegrations. 



119. The eubature of solids ajffbrds a very oompkte UltMra* 
tioti of ihi foregoing principles. 
Let aOz, atOy, pO» be three planes perpefidioatatr to 

each other; and let ABCD abed, be a solid bounded by 
the curvt'd surface A BCD, by ii rectangle ac in the plane 
xOz, by two planes A^, Dc parallel to the plane ^Oz, 
and two planes A J, Be parallel to the plane a:Oz, 

Consider now the base ac of the solid divided into any 
number of rectangles, represented by dotted lines in the 
figure, and on these rectangles, as bases, let rectangular 
parallelopipeds be described, of which the sides cut the upper 
§ur£^uie ABCD in the curves shewn in the diagram. 
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If .r, ?y, be co-ordinates of any point (P) in the curved 
surface referred to rectangular axes Oo?, Oy, Oz, the relation 
between a, z may be expressed by an equation 

in which z is supposed to be £mte and continuous ; 









D 





















Let Pjp be the altitude of one of the elementary patiUelo- 
pipeds, Ix and the length and breadth respectively <^ its 

base. Then the solid content of the parallelopiped is the 
product of these quantities, or z^xly =/(x, y) . ^y. 

Vo^ Pv y»» 

be corresponding successive values of the co-ordinates, and 
Ix, ly, the common differences of the successive values of 
X and y respectively. Then it may be seen that the solid 
Ac contains parallelopipeds, of which (reckoning them in 
rows parallel to ali) the solid contents are 

J^^vVd^^^y* SipvV%^^^^y^ /(^i.^a)^*^^— /C^i»y»)^«^y» 
/(^2» y^^^h^ /(^2' y-^^^h^ f{^vy^y^^y"J(j»2^ynyx^y. 
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Also, as will be proved hereafter, the more the number 

of these parallelepipeds is increased, and their length and 
breadth diminished, the more nearly is their sum equal to 
the content of the solid AC. If the limits of the sums 
of the contents just written be taken in rows across the 
page, the result is 



If, however, the parallelepipeds had been reckoned in rows 
parallel to the longest side of the page, that is, parallel to 
a & in the diagram, the limit of the summation would be 



And since both results represent the same solid content, 
they are equal. 




••• 
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SECTION XI. 



qUADBATCB£; OF CU^YES. 



120. The lutegml Calculus is applied to the rectification^ or 
determination of the lengLhs of curves ; to the quadrature, or 
determination of areas of curves ; the complanation of sur- 
faces, or determination of their superficies; and the ctcbctiure 
of ioUdSf or determinatioii of their volumes or contents. 

ISl. The methods of deteimining Quadratures and Cu- 
baturea are readily demonstrated by principles already laid 
down. Eectification and Gomplauation depend ou geometrical 
theorems, hereafter given. 

It has been sho^vn, Art. 10, tliat if and ?/ he the rect- 
angular co-ordinates of any point of a plane curve, X, Y, 
and X, y the co-ordinates of its extremities, the area included 
by it, and straight lines from its extremities parallel to the 
axes of X and y lespectiTelj, is given by the formula 



and finite, and to neither 
is assigned more than one 
value corresponding to any 
value of the other, between 
the limits X, Y, x, y. 




where it is supposed that 
.r and ^ are always posit ire 



y 



122. Quadrature of the 
Circle, Let r be the radius 
of the circle; 4?, y, its co- 
ordinates at any point re- 
ferred to the centre as ori- 
gin of co-ordinates; then a 
and 1/ are connected by the 
equation. • 



o 
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ic- + jf'" = r^; 
or, y a= (r* — x^)\ 

Now ^ ^ — = (^'' — x-y^ X 

^ J (r^ - « ^ (r- - «0* 



The last integral on the second side of this equation is 
identical with the integral on the first side. Therefore, 
transposiDg and integrating the remaining integral by Art 56, 

If Oc = X, and Oh as x, we hare to take this result 
between limits X and x, to find the area Ahe ; 

+ i r- sin""> — — if* •in'^^i. 

r ' r 

If it were required to find the area of a quadrant, B, 
C Avould be supposed to meet Oy, 0.r, respectively, and there- 
fore X :( 3= 0. Therefore, since sin"^ 0 (or the angle 

of which the sine is 0) = 0, and sin"^ ^ = "S"* 

quadrant —-jf*. 

Therefore, area of whole cirole » irt^. 

1S8. Area of Ellipse, The equation to the ellipse referred 

to the major axis, and a line at right angles to it at its 

extremity as axes of co-ordiuates, is 
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whei e a is the semi-axis m^or, and b the semi-axis miiior. 




When a? = 0 the preceding expression vanishes. It may, 
therefore, be supposed to be taken between the limits 0 
and m ; consequentlj, if OB = x, the expression is the value 
of the area PBO. 

When a = ^ the ellipse becomes a circle, and the ex- 
pression (1) for the area becomes 

Hence, if OP'M be a circle having the same centre C with 
the ellipse OPM, and OM, the diameter of the circle, be also 
the major axis of the ellipse, we have, companng (1) and (2), 

area OP'B _ a 
area OPB ~ b * 

It appears also from (1), that the area OPB is proportional 
to b. Hence, if any number of concentric ellipses were 
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described on the same axis major, the areas of them having 
the same base^ OB, would be in the proportion of the 
several minor axes. 









* 
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The area of a quadrant of the ellipse is found from (1), 
by putting ^ s= a, to be 

IT 

\ ah cos"~^ 0 =s -r ai. 

4 

Hence the area of the ellipse = vah. 

124* Quadrature of curves refen'ed to chlique co-ordinates. 
The method of obtaining, in Art. 19, the quadrature of curves 
referred to rectangular co-ordinates, consists in dividing the 




13 
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area by rectangles, and taking the limit which their sum 
has when their breadth is indefinitely diminished and their 
number indefinitely increased. 

Similarly, if an area, ABCD, bounded by the curve BC, and 
three straight lines, of which BA is parallel to CD, be divided 
by parallelograms upon AD having sides parallel to CD, the 
limit of their sum is the area ABCD. Also, let the curve be 
referred to oblique axes of co-ordinates Oy, Ox, inclined to 
each other at an angle «. If and y be the lengths of two 
aides .of one of the parallelograms, ^ sin « is its altitude, 
and ^6in«^^ is its area; whence it is easily seen, that the 

area ABCD = J*y mi»dx, taken between proper limits. 

125. Quadrature of the Hyperbola. Let the hyperbola, of 
which A is the vertex, be referred to its asymptotes O^i;, Oy, 




inclined to each other at an angle a, as axes. Draw AB 
parallel to Oy, and let OB = e. The equation to the hyper- 
bola is yx = 6^ O m = X. 

Area ABFM :s^AxkmJ ydx^AnmJ "^^^ 

= sin ae^ log 

li^Q. Quadrature of the Witch of Agnesi. In the last 
example, as x increases, the area increases indefinitely; and, 
therefore, the whole area between the curve and the asymptote 
is infinite. There are, however, curyes in which the area 
between an infinite branch of the curve and its asymptote are 
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finite. The " vitch," or versiera" of 
Doxma Maria Agnesi* is an instance. 
Let AB be a diameter of a drde s£ a, 
AC a tangent, P aoy point in the cnrre, 
AHssst; A% AC being the axes of x 
and y respectively. 

The curve is deilncci by the relation 
rectangle PA = rectangle DB. 

The equation to the curve will be 
found to be = (a — a). 
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Now, 



a — X 



(ax — 




« a(aiij — + i a* COS"-* ^4-— » 

Arts. 44 and 56. 

This expression is to bo taken between limits a? = a and 
a? = X, to give the area PBM. 

The area between AC, AH, and the curve, is the limit 
which the result thus obtained has when x has the limit 0. 
This evidently is found by taking the expression for the 
integial between limits x^a and « ss 0 ; 

required aiea = {cos~^ (-^ 1) — cos~^ 1} a = s 

The whole area between the asymptote and the whole 
cnrve on haih sides of AB, is double the preceding, or a wo?; 
and, consequently, is four limes the area of the drcle. 

127. Quadrature of the Cissoid of Diodes. This curre, in- 
vented by Diocles, a Greek mathematician, about the sixth 
centuxy, and used for finding two mean proportionals, re- 
sembles the cnrve last considered in several respects. It 
affords another instance of a finite area indnded between an 
infinite cnrve and its asymptote. 

The dssoid may be defined by Newton's method of tracing 

E 2 
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it. The arms of a bent lever are at right angles to eacli 
other, and the end of one of them slides along a straight 
line, wliile the other is always in contact with a point of 
which the distance from the straight line is equal to the 
length of the tot arm. The angle of the lever traces out 
the cirsoid. 




Let B be the fixed poiDt. Then, if AP = BD, and the 
end A of the lever move along a straight line, while PC 
remains in contact with B, the cissoid is the locus of P, 

Let AC = a, AB = a?, PBs=5^. The 

equation to the cissoid will be found to be 

y"^ (a ' — x) = A*^ 

A 

(integtftting by parts). 

Also, (a — sof x^dx=-{ax x-"^ dx 
^{{^^af^{x^\afy^dx, 

which is of a form which has been already 
integrated (Art. 83) ; 
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+ 3 (i « - 4 a) - + f a« vers-^ ^ . 

For the whole area hetween AC, CH, and the curve, it 

appears by the same considerations as in the last article, that 
this" in teg I al is to be taken between the limits x=^a and 
a; = 0, when 

fydx = ^ {vers"* % — vers~^ 0} = 1 (^"^^ 

The whole area included by both hranohes of the curve 

and the asymptote is double this, or f ir<^ =5 three times the 
area of the circle of which AC is the diameter. 

128. Polar co-ordinates. Let the position of any point in 
a plane curve be referred to polar co-ordinates, namely, the 
length (r) of the straight line 
drawn from the point in the 
curve to the pole, an assigned 
point in the plane of the cuitc; 
and the inclination (d) of that 
line, to some fixed Ime in the 
same plane passing through the 
pole. Let S be the origin or 
pole, P the point in the curve, 
SP ss r, wluch is called the 

Tiidtus vector, and Sa the assigned fixed line from which the 
angle PSa?=0 is measured. If P he also referred to rect- 
angular co-ordinates of which Sx and Sy perpendicular to 
Sm are axes, it is easily seen by trigonometry that 

r sin 0 = y , r cos Q = a. 

Suppose now that it is desired to determine the sectorial 
area included hetween the radii vectores at two points in a 
curve and the arc between them. When a curve is referred 

to rectangular co-ordinates x and y, the integralsy^c^^i? or 

Smdy between limits determine the area included by a curve 
and straight lines parallel to the axes. The relation between 
such areas and a sectorial area is established by the following 
proposition. 
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129. Seetorial area in terms of reetanffular cO'OrdinaUB. 
Let PQ in eitlier of the accompanying figures be the curve, 
tvhich is taken of such length that it is not met at two 
points by any one of its co-ordinates, and P8Q the required 
sectorial area. 



(1.) 



(a.) 





Let SK =x, SU = X, QK = y, PII = Y, It is evident tUafc 

X 



PQKH 



Also, triangle QK8 s 4 y x, triangle PSH » ^ X Y. Also, 
Fig. (1), PQS + QSK + QKHP make up the whole PSH; 

Fig. (2), PQS + PSH makes up the whole figure, as does 
also QKHP 4- QSK. Therefore, 

— PQS i (XV - xy) — Jl^3^^^' 

Hence in both cases, PQS, the sectorial ai'ea, is, by Art. 34, 
e^ual to 
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180. Sectorialareaeatpreisedbypi^r coordinates. In the 
last article the sectorial area was found to be equal to 

^ {J xdy — Jydx) between proper limits. 

Putting ATssrcos^, ^srsin^, 

fi^^i; = r cos ^ — r sin Bd^^ 

dy SSI dr 8'm B r cos 6dB ; 

/. xdy ^ ydx ^f^dO; 

sectorial area = ^J^r^d$, 

where the limits of 9 are the angles between the prima radius 
vector and the radii yectores which bound the required area. 

131. The same result may he deduced directly from geO'- 
metrical earuidenUions. Divide the sectorial area by radii 
▼ectores rg, between the extreme radii vectores R, r, 
with S as centre, and at distances R, describe eiroular 




am represented in the figure by dotted lines. The sectorial 
area is less than the sum of the sectors of whioh the arcs are 
without it, and less than the sum of the sectors of which the 
am are idthin it. The area of a circular iector» of which 
the ndins is r and the angle ^0, is ^r^^O* Therefore, the 
required sectorial area is 

less than ^ (R^H^ + r^jiflj^ + r^^U^ + (1-) 

greater than ^ {r\^Qi -h r\lfi^ + r\^^^ + ...) (2.) 
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where ^B^.,.Bxe the angles between the radii. Now, 
r is a finite continuous function of d. Therefore, by Art. $20, 
the aboYe expressions (1) and (2) have the same limit, and as 

the sectx)rial area is between them, it is equal to that limit, or 

sectorial area= |^y^ ^ r^dd ^ a/^(^ ^ rdrd^^ where e, 
0 are the inclinations of R, r respectiyely to the prime radios. 




132. Quadrature of the 
spiral^ r=a8in?^^, where n 
is an integer. This curve, has 
similar loops, and, there- 
fore, the whole area contained 
by it is equal to times the 
area of one loop. 

|/r«rfd = |a«/8in»n»rfO, 
Integrating by parts, 

^y^sin»9.8infifirffi = — icoswflsinnft + ^eos*nid^ 

ss— Icosndsinnd + ^{l-^sio^n&jdB. 
Therefore, transposing and diyiding by Ji, we have 
^ mi^n^d^ = J ^ 0 — i cos»9 sinwG^i 

. . i y r^d^ = ( ^ — icoswesinnfly 

From the equation to the curve, it is evident that a is the 
greatest value ^vhich r can have, and that then it is drawn 
bisecting one of the loops. Since r = a when ?^ 9 = | rr, 
and r = 0 when 0=0, the half loop lies between the two 
positions of the radius vector corresponding to those values 
of d. Therefore, taking the preceding expression for the 

area between limits rr— and 0 of fl, 

area of half loop saja*.^. 
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The whole area is 4» times this, or = — , which is half 

the area of the circle circumscribmg the curve. The result 
is remarkable, as it is the same whatever the number of 
loops of the curve. 

ISd. Of curves, such that one eo^dinate has mors than one 
value for one value of the other co-ordinate^ the quadratures 
are found by dividing the curve into several parts, each 

of which is of such leugth that it is not met at two points by 
any oiio of its co-ordinates, and determining by the j^rcceding 
methods the quadrature corresponding to each such part. 




For instance, in the accompanying figure the ordinates 
parallel to Oy have three values for each value of a between 
Oe and 0(, where Cc, are ordinates touching the curve 
at G and B respectively. But the areas AahB, CcbB, Cedl>, 

may each be found by the preceding methods. Also, the 

required area 

ABCDda = AabB -f bBDd^ and bBJ>d = eCDd — cCBb; 

.*. required area sss AabB -f CcdD — cCB^. 

It may easily be seen that the generalization of this rule 
is, to divide the area into as many parts as the curve has 
parts, alternately receding from and approaching the axis 
of y ; to find each of these parts by integrating yda between 
oonresponchng limits; and to take the difference between the 
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sum of the areas under receding parts of the carve, aud the 
Bum of the remaming areas. 

3S4. Area in term of the length of the curve. The 
parts of the curve i?hich recede from Oy are ^ose for 
which a increases as the length of the purve measured 
from its extremity nearest to Oy increases; and where, 

consequently, if $ denote the length of the curye, ^ is 

positive* In tbe other parts of the curve ^ i» negative. 
Now, n J p dx 



J'ydm « ^ de (Art. 38), 



If, then, «2* ^ ^e respective lengths of the curve 

from its commencement up to the points where ^ changes 

are the component parts of tho required area. But the 
alternate parts are to be subtracted from the sum of the 
rest. The result will he the algebraical sum pf all the parts, 
d^ 

since -j- is alternately positive and negative. 
ds 

Tlierefore, the req^uired area (S being the whole length 
of the curve) 

r^i dx ^ dx . 

dx . /"S dx , 

dx 

jf ^ ^ be a continuous finite function of e. By the nature 

de 

of the quantities y oan only hare one value for wik value 

dx 

of e ; and, if the curvature be continuous, has only one 

value for each value of « ; so that the result of integrating 
d X 

v—ds in necessarily definite. 

as 

18K. NegeiUw aritnaiei. In inveatigiiaDg mis of eurvee, 
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it has been assumed that the co-ordiuates are positive. When 
one of the co-ordinates is iiegatiTe» the processes described 
in the preceding articles will require modification. 

By the principles of analytical geometry the Gfjrmbols + 
and — prefixed to symbols of length, are interpreted to 
indicate contrary directions of measurement; so tJiat if from 
any point in a line curved or straight a length measured 
off along the line towards one of its extremities he reckoned 
positive, a length measured from any point in the Hne along 
it towards its other extremity is affected by the negative sign. 
But no such convention applies to areas which are considered 
essentially positive. 

If the curve be referred to rectangular co-ordinates, and 1/ 
do not change sign between the limits, and x be positive 

or negative, Jyda is of the same sign as ^, if the limits 
be taken in the same order as was prescribed (Art. 19) 
for positiye co-ordinates ; that in. if 4> increase posiHvely in 
passing from its value which is the inferior limit to its value 
which is the superior limit* This is shewn as follows : — 

J^ydx is the limit of the sum of tenns of the form ylx^ 
where Ix^ the increment of x, is positive, since x increases 
positiveljf in passing from the inferior to the superior 

limit; consaquently, 3/ ^« has the same sign aa pnd J^yda 
has the smne sign* 

It follows, that for all areas en the negative side of the 

axis of a, ^t/dx is negative nnd ^fydx is positive for all 
areas on the positive side of the axis of .r. 

In order, then, to determine the whole area hounded by a 
curve, of which part is on the positive and part on the 
negative aide of the axis of the independent variable, the 
two parts mU9t be dotermined by separate integrations, and 
the negative part muiit be added positively to the positive 
part. 

186. NsgaHve polar eo'^dinaUs. In determining the sec- 
torial area of curves referred to polar co-ordinates, fr^dM is 
to be taken between limits such that d increases positively in 
passing from its value at the inferior to its value at the 
superior limit. Hence it appears, by similar reasoning to 
that used in the last article, that, whether d he positive or 

ii«gfttiYe,yr^(iO ii po«tt?e* 
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SECTION XII. 

OUBATURE OF SOLIDS. 



137. Let a solid, ABCcdab, be bounded by a curved surface 
abed aud by five bounding planes, viz.: — by a rectangle, of 
which AB, liC are two sides, and by four planes dA, aB, 




Be, Cd, perpendicular to the plane of the rectangle, passing 
through its sides and meeting the curved surface in four 
plane curves ab, be, cd, da. 

Let the curved surface be referred to rectangular co- 
ordinates (x, 2/, z) of which the axes are parallel to BA, B6, 
BC respectively, and let the surface be such that each 
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co-orcliuate has but one value for each value of the other 
coordinates. 

Draw mthiu the solid planes, parallel to the bounding 
planes and cutting off within the solid, a number of rect- 
an^lar paiallelopipeds, of which, since they are within the 
sohd, the total content is less than the volume V of the solid. 

Add, now, a set of rectangular parallelopipeds (not shewn 
in the figure), within which the curved surface wholly lies, 
and which are formed by thu aV)ove-mentioned parallelopipeds 
produced. It is clear, that as these additional parallelopipeds 
are increased in number and diminished in magnitude, their 
sides approach continually closer to the curved surface ; and 
that, conseciuently, their volume (v) may be diminished with- 
out limit. 

V is greater than the solid content of the first set of 
parallelopipeds, and less than that solid content + v. 

Therefore, V lies between two quantities, of which the 
difference may be diminished indefinitely. A fortiori, the 
difference between either of them and V may be diminished 
indefinitely. 

Let the lengths of edges of one of the parallelepipeds be 
ix, ^y; a its altitude; zlatly its volume. Let "Lziatiy 
denote the sum of the volumes of the paiallelopipeds within 
the solid V , 

y s: limit of 'Lz^aiy 
^ JJ z diB dy {Art. 117) 

the integral being taken between limits which depend on 
the boundaries of the solid. 

In the figure, for the sake of simplicity, the internal 
planes are supposed to be equidistant. 

138. The limits of integration for the cuhature of a solid 
may be investigated by the following method of exhibiting the 
result just obtained. Let MM' NN' be an element of the 
curved surface, QQ'RR' its projection on the plane uf xy. 
Let QQi = ^.r, QR = ^y. In the limit the solid M'H is 
a prism, of which the altitude is z and the area of tiie 
dady; 

dy sszdady. 
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Suppose the equation to the curved suriiace gives » ^fif^^ 
Theu 

dy ^fff (.r, y) dx dy. 

In this expression take first (Art. 117) y oonstant, and 
integrate f {x, yi)dmdy with respeot to x. The result is 
the limit of the sum of the prisms, of which the bam are 
between the parallel lines qH\ rK". Let a;ssX and «=x 
be co-ordinates of the extremities of their lengths in the 
solid; 



... d,f^ 



zdx 



is the analytical expression of the content of the row of 
prisms just defined. 

In order to find V, we have to add together this and the 
parallel rows of prisms, and to take the limit of their sum. 
If y be co-ordinates of the bounding planes parallel 
to 

139. Solid bounded hiterally by a curved surface. We have 
in the preceding articles taken the most simple case of 
cubature, that in which the solid is bounded laterally by four 
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planes. The limits of x and y are then the same for every 
point of the solid, and indepciident of each other. In this 
case the integratipos are comparatively easily effected. If, 
however, the solid be bounded laterally by carved surfaces, 
the extreme values of x and y are no longer independent, but 
are connected by the equations to these curved sur&ces. 

Let X, X be constant quantaties; Y, j two functiona of the 
Tariable a; Z,z two flxnctions of the two yariables a and y. 
Then it may be shewn that if the Tolume included between 
the six surfaces, of which the equations are respectively 

be designated by V, 

v=: r^dxiydz. 

From the equations to 
the six Bur£Eices it will 
be seen that V is the 
volume of a solid. Be, 
bounded by two cylin- 
drical surfaces ECce 
and FDc?/, of which 
the traces are A« and 
B h respectively ; by 
two parallel planes ed, 
ED, of which AB, ah 
are the intersections 
with and by two . 
curved suriaces CDrfc / 
and £tf/F. -tf 

140. Hyperbolic jmrdboloid. The equation to the surface 
of the hyperbolic paraholoid is xy=^cz when c is a constant. 
The general expression for the volume becomes 

V =5: ssy dy 
0 

Let it be required to find the volume contained by this 
surface, the plane asy^ and a cylinder of which the base is a 
circle of radius r, apd the axis parallal to the axis of 0. 
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lutegrating lii'st with respect to y between limits Y, y, 

V = ~/(Y*-y»)»il-». 

Now the equation to the cyliuder is {x — + — hf-=Tr, 
which gives two values of y for each value of x. One of 
these values is the superior, and the other the inferior limit 
of the integration just performed; or, 

Tlic cvtionio values of .r are evidently a + r and a — r. 
Taking the last integral between those limits, it will be 

^^^^^ 

found that V = ► 



141. SoUAs oj revolts 
Ucn are those generated 
by the revolution of a 
plane figure about a fixed 
asie. Let the reTolntion 
of a curve AB about an 
axis through A generate 
the surface of such a 
solid, and lot ibe equa- 
tion to AB be y=fx^ 
where x is measured 
from A along the axis 
of revolution. 

It is clear that the 
volume of the solid is the limit of the sum of a number of 
elementary cylinders having the same axis. Let ^x be the 
altitude of one of tbese cylinders, y the radius of its base; 
.*. vy^ is the area of the base ; and that area multiplied by 
Uie altitude, or ny^lx^ is the volume of the elementary 
cylinder. Therefore, the required volume is equal to 

the limit of l^iny^hx) = '^fy^dx. 
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142. Content of a eone. A cone is generated by the rota- 
tion of a triangle about one of its sides. Let tf^ax be the 
equation to the straight line generating the conical surfiice, 
where » is the tangent of the angle at which that straight 
line is inclined to the axis of revolution. The content of 

-the cone = TTa^y^'c/a? = ^TTa^x^ (taking the integral be- 
tween limits 0 and x) = i^ry^x^, or the solid content of a 
cone is one-third the area of the base multiplied by the 
altitude ^ one-third of the content of the cylinder having 
the same base and altitude. 



143. Paraboloid of revolution . The surface generated by the 
revolution of a parabola about its axis, is called a paraboloid 
of revolution. To tind the solid bounded by such a surface, 
and a plane perpendicular to the axis, we must put ^ ^aa, 
the equation to a parabola. 

The required volume =:naj* xdx = \ 'nax^. 

144. Solid of revolution through any angle. The quantity 

ffjf^dx^%njjydydx. Also it is evident, that if the 
generating figure turn through an angle ^ instead of Sir, the 
solid content generated is equal to 



145. Limits of the preceding integrdU. If the generating 
figure have not for one of its boundaries the axis of revolu- 
tion, but a curved line, of which the equation is y = ^a?, 
the limits oi integration of i/dy are fx and <f>a!. Similarly, 
if it be required to find the solid generated by the portion 
of such a figure of which the extreme co-ordinates are two 
particular values X and x of the integral with respect to 
X must be taken between those limits. 

146. Content of a solid of revolution in terms of its area. 
Let § be some constant quantity. Then if ^ were equal to the 

greatest value of the variable y,fj ydydx would obviously 

be greater ikmxJJ ydydx. If y were equal to the least 

value of the variable y, ffifdydx would be less than 

jj ydydx. There is, therefore, bomo value of the con- 
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Btant ^ between the greatest and least values of ^, for ivhich 

f/y dy dx, or 

(By Pappus's Theorems, y is shown to be the distance 
of the centre of gravity of the generating figure from the 
axis of revolution.) The integral on the first side of the 
preceding equation expresses the area of the generating 
figure. Therefore, from the last article, the content of tUe 
solid of revolution through an angle ^, is equal to 

ff (f) X area of generating figure, 

where y is a linn less than the greatest and greater than the 
least distances of points in the generating iigure from the axis 
of revolution. 

147. Ciihature of a solid of revolution hi/ polur co-ordinates. 
Let PSA=0, FS = r be the 
co-ordinates of any point P 
in a plane figure referred to 
the pole S. The area of an 
element PP' of the figure is 
(by Article 131) rd^dr. By 
the last article, the solid 
generated by the revolution 
of PP' about SM through an 
angle ^, is rd^dr x a dis- 
tance whioh is ultimately 
equal to the distance of P 
fmxk SM, which is equal to 
roosd. Therefore, by the 
last article, the elementary solid = <^r cos Oci 6 tir, and the 
content of a solid of revolution generated by a sectorial area 
revolving, about an axis fixed widi respect to it, through an 
angle is equal to 

<j> .//"rcosftiMr. 

US. Cubature by polar co-ordinates. Every solid may be 

Senerated by the rotation about a fixed aads of a generating 
gure of which the form is variable. Suppose the an^e of 
rotation to be ^. Then any solid may be considered to be 
generated by the Mtatlon of a figure bounded by a ourve of 
which the equation is r ^/(<^, 0). 
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When the generating figure has revolved through an 
angle ^ + the equation to this curve becomes 

The solid bounded by the two corresponding generating 
figures may be always so taken bb to be within that generated 
by the rotation of one of them, and partly without that gene- 
rated by the rotation of the other, through an angle 
Hence, ultimately, the required content is equal to that due to 
the rotation of either figure ; and, therefore, by the last article, 

is equal to ^cjyJlfrcosBd^dr, Hence, the whole required 
solid content is equal to 

149. Cubatiire by polar co-ordinates by direct investigation. 
Let an assigned point S be the 
pole; let SRQ be an assigned 
plane, and SR an assigned straight 
line in that plane. The position 

a point P may be determined 
by the length (r) of SP, the radius 
vector, 0, the angle at which SP 
is inclined to the plane, and </>, the 
angle at which the projection of 
8P on the plane is iuclined to tho 
assigned line SR. 

(This is evidently similar to 
a determination of tlie distance of 
a point above the earth by its 
distance (r) from the observer, its angular elevation above 
the horizon (0), and (<^) its " bearing" north or south.) 

In order to find the solid content bounded by a curved 
suifieuse and planes meeting 4t and passmg through the pole 
S, suppose that, by a number of planes passing through the 
pole, tike solid is divided into a number of pyramids having 
all their vertices in S. 

The required solid content is greater than the sum of 
the pyramids within it, and less than the sum of a cor- 
resfkmding set of pyramids partially external to it; and 
as the difference between these two sums may be dimi- 
nished indefinitely, the limit of either of them is the required 
solid content. 




Digitized by 



Let P, P' bo two 
adjacent points in 
the curved surface; 

PS|? = 0, j)SR =<^, 

co-ordinates of P ; 

0 + ^9, ^ + ^(/>, 

co-ordinates of P'. 
Draw through P, P' 
respectively, the 
planes PQS/? and P'S^'Q', perpendicular to the plane in 
which (f) is measured. Also, draw the planes P'QS and 
PQ'S, respectively perpendicular to the last-mentioned planes 
through P, P^ Therefore the angle PSQ = ^fl and 

Ultimately, P'S = PS = r, and the pyramid on the rect- 
angular base P'P is an element of the required solid. Now 
the content of such a pyramid = J area of base x altitude. 
Q'P = q^p = Sp .$(f) ultimately (assuming the proof given 
hereafter, that the lengths of a chord and its arc are ulti- 
mately equal). But ;}S = r cos 0, .-. PQ' = r cos 0 ^0 ulti- 
mately. 

Similarly, QP = r^O ultimately; altitude of the pyramid 
= r ultimately; its content = ^ r cos 0^<#> . r^0 . r ulti- 
mately. The required solid content is the limit of the sum 
of such elements, and therefore is equal to 

ff^r^co^^d<\)d^, or JJ^r'^ cos & dr d<l)d&. 

This result is the same of the last article, in which the 
same letters evidently signify the same quantities. 
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SECTION XUL 

BEOTDIOATION OF CURVES AND OOMFLANATIOK OF SUBFA0S8. 

Axiom I. Of lines which join two assigned points, a 
straight line is the least. 

Axiom II. Of superficies which have an assigned plane 
perimeter, a plane the least. 

150. Of all lines having the same extremities as a r/iven 
curve, and met by planes which meet every point of it but 
cannot cut it, the curve iuelj is the least. This proposition is 
proved by an extension of a method given in the Aathor*s 
Manual of the Differential Calculus," Art. 68. 
Let AB be the assigned 
eorve, either plane or of 
donUe carrature. Then 
lines joining A and B and 
met b J planes whicli meet 
hnt cannot cat APB, are all 
of some length, but not all 
of the same length. There 
is, therefore, one at least * 
of these lines which is the 
shortest possible. Let (if 
possible) ACB be one of 
these lines. Then, by hy- a 
pothesis, ACB is met by 

the plane at anj point P of APB. Two different lines 
cannot have common to all their points, planes which meet 
but cannot cut them; therefore, the plane through P may be 
taken to cut ACB in two points E and F. Therefore, FE, 
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a Btraight line, is shorter than FCE (Axiom 1). Therefore, 
ACB is not the shortest of the lines in question. In the 
same way it may be shewn that any other line than APB 
is not the shortest, but a shortest exists, therefore APB is 
the shortest. 



151. Of all surf aces having the same perhnettr as a given 
surface, and met hy planes which meet every point of it but 
cannot cut it, the given aur/ace is Uke least. Let APB be 
the assigned surface, 
having an assigned pe« o 
rimeter AaB5. Then, 
surfaces having that pe- 
rimeter and met by 
planes which meet but 
cannot out APB, have 
all some magnitude, but 
not all the same mag- 
nitude. There is, there- 
fore, one at Icabl of 
tbeso surfaces which is 
the least posbible. Let 
ACB be one of these ♦ 
surfaces. Then, by hy- 
pothesis, ACB is met by the plane through any point P of 
APB. Two diii'erent surfaces cannot have common tangent 
planes at all their points. Therefore, the plane through 
P may be taken to cut ACB, which outs off from that plane 
a plane superficies. This plane superfides is less (Axiom 
II.) than the curved surface between it and C. Therefore 
ACB is not the least of the surfaces in question. In the 
same way it may be shewn that no oth^ surface than APB 
is the least. But a least surfiuse exists. Therefore APB 
is the least surface. 




152. The length of a euree the Umit of the length of 
a polygon. Let AB be a normal to any curve, CBe (plane 
or of double curvature) and Cc a chord intersecting the 
normal perpendicularly at D« Draw «B£ at right angles 
to AB» and in the same |»lane the normal AC£» and CF 
perpendicular to AC. BCF is a right angle ; £F > CF. 



RECTIFXCAIIOM OF 0UBVE8, ETC. 



95 



Xet the aro cBC be of such 
length that its curvature is con- 
tinuous; then F and the cunre 
are on opposite Bides of touching 
planes at all points between C 
and B. Therefore, by the last 
article but one, 

BF + CF>CB, but £F>CF; 
BE > BO. 

Arc CB > chord CB > CD (d 
fortiori)* 

By ^imilar triangles, 

BE : DC : : AB : AD. 

As the curvature is continuous, the chord Cc ultimately 
coincides with the tangent at B, when the arc CB is in- 
definitely diminished. Hence, ultimately, AD is equal to 
the finite line AB, which is the length of two ultimately 
intersecting normals, and therefore is a radius of ourvature ; 

the limit of the ratio CD : EB is !• Hence, since the 
aro CB is between CD and BE in magnitude, the limit of 
its latio to either of them is 1, 




limit 



CB 

CD 



1; similarly, limit 



CBc 



cB 

CD 

arc 



1. 



Adding, limit — - = 1, or limit -r—\ = 1. 
^ CDo chord 

Hence it follows, that if in or about any curve of finite) 
magnitude be described a polygon of any number of sides, 
the length of the ctn-ve is equal to the limit of their sum 
ivhen they are indefinitely diminished in magnitude and 
increased in number. 

CoiiOLiARY. Let CD 6* be the arc of a circle of which A 

CB 

is the centre, and the angle BAC s 0 c= according to 



CD 



the circular measure of angles. . — = sin 6 ; 



4 CB . CB CD 

... 1 -limit- =lun.t--^ 



limit 



e 
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Similarh', limit ^ ^ = 1. 

153. Eectification of curves. If rectangular co-ordinates, 
(Xj y, z) and {x -f Ix, y -v ^y, z -\- ^z), define two points in 
a curve, the distance between them is (Ix^ + ^y' -f- 5^")^ 
Tvhich is the length of the chord. Hence the length of 
the curve is the limit of the 8am of quantities of the fom of 

When the curve is plane one co-ordinate may be omitted, 
and the expression for the length of the curve becomes 



/( 



154. The sn2)C)'Jicics of a curved surface is the limit of the 
superficies of a jwh/hedron. Let a polyliedron of any number 
of sides bo circumscril)ed about a curved surface which is taken 
of such magnitude that its curvature is continuous. Then 
all tangent planes of the curved surface cut the polyhedron. 
Therefore (Art. 151), it is greater than the coryed surface. 

Within the curved surface inscribe a similar and similarly 
situated polyhedron. It is clear that planes may be drown 
through every point of tMs polyhedron, which do not cut 
it, but cut the curved surfice. Therefore, by the same 
article, this polyhedron is less than the curved suriace. 

Also, in a eonHntunu curved surface, an inscribed plane 
ultimately coincides with a tangent plana when the sur&ee 
subtended is indefinitely diminished. Therefore, the edges 
of the inscribed and circumscribed polygons ultimately coin- 
cide, and the limit of the ratio of the lengths of two homo- 
logous edges is 1 (Art. 152). 

Also, their homologous sides, being in the duplicate ratio 
of their liomologous edges, have 1 for the limit of their 
ratio. Therefore, the surfaces of the polyhedrons are ulti- 
mately equal. Consequently, tlio curved surface between 
them is ultimately equal to that of either polyhedron. 

155. Section of a parallelopiped. The following proposition 
will be required in determining the complauation of solids. 
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Let ABCD be the base of a rectangukr parallelepiped, of 
•which the sides AaD, aB, 6C, cCD are cut by the plane 
a6cD, which ia a parallelogram. Its area is required. 



6 




In the right-angldd triangle a AD, aD^ as Aa^ + AD-, (I.) 
Similarly, Be* » DC» + C<^, (2.) To find the distance ae, 
let a perpendicular ce be drawn from c on to A a. Then 

ae = Aa — Cc, and in the right-angled triangle ace, 

ac^ SB ee^ + {Aa — Cc)"^ s AC- + (Aa Ce)^ 
= AD- + CD- 4- (A a — Cc)-, (G.) 

In the triangle aVe^hj a trigonometrical formula, 
ac* = aD^ + cD' — JiaD . cD cosaDC ; or from (1), (2), (3), 
AD- -f- CD^ + (Aa — Cc)^ = aA^ + AD^ + DC^ + Cc^ 

- Ji(aA- + ADOKI^^^' + Cc-)i cosaDC; 

Aa . Cc = (aA^ + AD-)^ (DC- + Cc-)i cosaDC; 

also required area a5cD as aD . cD sinaDc, and 
aia^ aDc si — cos' aDc ; {aboDy = 

(«A.+AP»)(DC. + C^){l - ^_^_^^^__} 

a t c D = (a A« . DC? + AD« . DO* + AD - . Cc -)*. 

160. Complanation of surfaces. Let the surface be re- 
ferred to rectangular co-ordinates x, y, z. Also, suppose the 
surface he cut by several planes parallel to the planes yz, 
respectively. Then, by Art. 154, the surface equal to the 
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limit of the sum of the sides of an inscribed polygon, and 
therefore is equal to the limit of the sum of parallelograms 
inscribed within the surface and bounded by the supposed 
planes. 

In the last figure, let AD be parallel to the axis of x; 
AB to that of y; A a to that of z; and let y, z) be the 
co-ordinates of D and DA =6 or; AB = dy. Also let D, a, 
and h be three points in a curved surface. Then, if in the 
equation to the surface, when a; is increased by ^o;, and y 
does not increase, be increased by i^z, Aa ss i^z. Simi- 
larly, if be aa increment of z, due to an increment 
iy, at not increasing, Ce^i^z. Therefore, by the last 
article, 

abcJ> = (a,;?^ . d/ + da' . ay^ + d^z" . dar)K 

Hence the required surface is e^ual to the limit of the 
sum of terms of the form 



where the parentheses indicate partial differential coefi^cients. 




or the surface 
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SECTION XIV. 

INTE0BATION OF DISOOKTHnTOVS FUNOTIOKS. 

157. The DefiniLions of Integrals, Arts. 17 and 115, were 
restricted to finite continuous functions of a finite variable, 
and the principles of integration were established on the 
tacit assumptiou that the integrals were finite exact quantides^ 
and that, consequently, each function integrated had a single 
determinate yalo^ for each value of its independent variable. 

If, therefore, a fdnction be discontinuous, or have infinite 
or indeterminate values between the limits assigned for into- 
cmtion, or if either of these limits be infinite, the preceding 
d^fttdtiotis do not apply to it. It may be observed, that the 
aocuracy of mo$t of the foregoing theorems depends essen- 
tially on ihrir ai^Ueatiefi to finite fimcticms, and is delated 
by the violation of this condition. 

1 58. The following is an instance of tlic errors that would 
arise from application 
of the theorems of the 
preceding sections in 
neglect of the consider- 
ation of the last para- 

• graph. 

Let 2/ = be the 

equation to a curve re* 
ferred to Oa, Oy, as 
rectaagularaxes. ^ese 
astes are asymptotes of 

the curve, which has two similar branches. 

The area included by any portion of the curve, the ordi- 
nates at its extremities, and the axis of ^r, is equal to 

J'pdm between corresponding limits (Art. 19), if the func- 
tion integrated be finite and oontinuous between those limits. 
Tlierefore, the area 

r^dm 1 1 
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indefinitely as ft is diminished. We may, therefore, make 

the area APQ^ as large as we please by taking the point 

b near enough to O. 

If, however, we integrate from a to — a, we find the area 

2 

if 0(1= — a. And tliis result is evidently erroneous, for it 
gives the expression for the area, which ought to be positive 
(Art 115), a negative sign, and it makes it equal to a finite 
quantity; whereas it has been proved, that of the area a 
portion may be taken indefinitely large. The error arises, 
from integration through an infinite value of the integrated 
fonotion. 

159. The meaning, then, to be assigned to integrals of 
functions which are infinite or discontinuous between the 
limits of integration, is up to this place purely arbitrary ; a 
definition of such integrals may, however, be giTeo» whidi is 
so strictly analogous to the preceding definitions, as to render 
obvious the methods of extending to discontinuous Ainetions 
the principles already demonstrated. 

Definition. If fx become infinite, impossible, or dis- 
continuous for either or both the values x^a^ ics=ib, but 

not for intermediate values, let jxdx be delined to be 

the limit of / ^ fxdx^ when d. and are any conttnu- 

0U3 quantities which have the limit zero; a — and 
being values of a?, between a and 5, 

More generally, if fx become infinite, impossible, or 
discontinuous for the finite number of values a, 6, c sm, 
and forgone else, of x between X and x, let, by analogy 

with Art. /27, I fxdx be defined to be the limit of 
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tvhen dp 6\ ... are any continuous quantities which have 
the limit zero ; a^d\ and 6 -f being between a and 6, 
b — d'ji and 0 + ^9 between 6 and c, &c. 

IW. Principal valueB of integrals, Ih^yAwot^^/xdx, 

as just defined, may be dependent on ihe relative magni- 
tndea ef the arbitrary quantities ... If these quantities 
be aisnmed to be all equal, the integral has then what is 
termed by M. Cauchy it& primcipal vaXM$. 

Example. — The following is an instance of an integral, 
of which the value, according to the above definition, is 
essentially arbitrary :— 

«limitlog, 1^ «log, (limit^), (Art. 16.) 

a quantity to which any value whatever may be assigned at 
pleasure, by assigning a corresponding relation between tlie 
arbitrary quantities dp dg. 

If in the preceding result = 5^, we have the "principal" 
value of the integral equal to log^ 1 = 0. 

16L Condition that integrals may be detmnktate. Every 
function nrhioh is finite and eontinuous between any ezaet 
limits* either continiially ineieases or continnally decreases, 
or alternately itKareases and deereases an exact number of 
altematums. Take tm limits, betmen iduch it oontiniially 
increases or deereases. The integral of the fimcdon between 
those limits is (Art. 22) between its two finite quadratures, 
and is, therefore, a finite quantity. It is also determinate, 
not arbitrary, for the only arbitrary quantities in the quad- 
ratures disappear from them in the limit. Art. 26. Also, 
the whole integral between any finite limits is the sum of 
integrals, such as that just considered, and of which the 
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number hi that of the altenuitioiis rafbmi to. Therefbro,- 
the whole integral ie an exact quantity. 

If, howeyer, the fanction to be integrated be Hot always 
finite and continuous between the limits of integration, the 
integral is the limit of the sum of the integrals of (a) in 
the last article but one. If the limit of all of them be 

finite, fada (their sum) Is finite. It is tiien also 

determinate. For each of the integrals of (a) is determinate 
according to the last paragraph, and the onlj arbitraiy quan- 
tities d|, disaj^ear in the limit. 

Hence, when f»dx is either infinite or indeterminate, 
the integrals in (a) have not all finite limiting values. If those 

which are infinite in the limit be all poeitlva^^y^ fadx 

is evidentlj equal to -|- oo ; if they be all negative, to — go. 
Hence, the only case in which / f xdx can be inde- 
terminate or arbitrary, is when more than one of the inte- 
grals in {a) are infinite, and haye different signs in the limit, 

when I fxda takes the indeterminate form (adding to- 
gether the infinite quantities -with like signs) oo — oo . 

— is the limit 

-a X 

of the sum of two integrals, of which the first has the limit- 
ing yalue + oo, and the second » od. 

162. The preceding principles may be illustrated geome- 
trically. First, with respect to finite continuous functions: 
let y be such a function of and x, the co-ordinates of a 
plane ourve which will be tmbrokenf since the function is 
continuous. Whateyev may be Ibe form of the curre, a finite 
area is included hj a finite portion of the atis of x^ the 
ordfawtes ti the extremities of that portion, and the arc 

between them. But this area is equol to J'ydx, taken be- 
tween finite limits. 

Next, let the function be not always finite and continuous. 
Then it will be represented by a curve, y ^/x, which has 
infinite branches, or breaks, or both. 
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Wbm there are breaks only, 
as fiom B to C and ]> to F» and ^ 
not infinite branches, let a and b 
be the Talaes of dv at the points 
a and b in the diagram. Then 
tlic area aABb is evidently equal 



to the limit 



ydzy a 





finite quantity. Similarly, tlio 
areas bounded by the other parts 

of the curve are expressed bj the limits of int^rals of the 

form of those in (a), Art. 159; and the quantity Jxdm 

in that article renresents the whole area of the curve, vrhich 
is equivalent to uie sum of the areas of its parts. 

If the curve be of the form 
AB, CD, and have no values of y 
between BZ>, Cc, the function is 
impossible for the infinite num- 
ber of values of x greater than 
05 and less than Oc. Then the 
definition of Art. 169, which is 
restricted to functions with a finite 
nnmber of impossible values^ is 
inapplicable. In order to inter- 
pi»t geometrically or analytically 

mtegrals of such fimotions, another definition would be re- 
qnlied^ as essentially arbitrary as that jnst mentioned. 

Next) let the curve 'have infinite ordinates y for finite 

values of «?. These ordinates are asymptotes of the curve, 
and the area bounded by the infinite branches of the curve 
may be finite, as in instances given in Arts. 126 and VXl, 
If ordinates y be all positive, these areas are poeitive, 

and their sum is the quantity fxdx, which is now 

under consideration. If some of the ordinates be negative, 
the corvespanding areas are negative (Art. 135], and the limit 
of some of the integrals in (a), Art. 159, will be negative; 

so that J* Jxdx^ the algebraical sum of the limits of those 

integrals, will represent the diilcrcnce between the total 
axeab on opposite sides of the axis of ^. 
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Lastly, let the curve be such as to represeut^^ Jxdx 
in the form od — oo • The 



carve, of which the eqiution 
18 - , has two similar in- 

X 

finite branches ; one on the 
positive and one on the nega- 
tive sides of both axes, which 
are asymptotes. Let OA=a, 
OB ss d^. The area B6a A 

padx , a 



Let OA's*- a, 





o 



area B 



(Art. 135) 



^* ^ (Art. 39, IV.) = log ^ . 



The integral — is thelimit of — + T^^ — 

as limit of (area B^a A — area B'^'a'A') as B and B' ap- 
proach O. But the difference between these two is arbitrary, 
for it depends on the ratio of the two arbitrary quaatitiea 
OB, OB'. If we choose to assume OB = OB', the two areas 
BiaA and VlKclK' are always equal; their difference is 
dien zero, which is, iherefore> the principal" yalue of the 

integral 



163. Integrah with infinite UmUs. The definitions of 
integrals (Axte. IT and 159) were restricted to finite limits. 
Tho extension of the definition to integrals with infinite 
limits, may, by obvious analogy with precemng cases, be taken 
to be the limit which the int^pral wim finite limits approaches 
when either or both limits are indefinitely inereasea. 
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IM. MtiU^olU integrals of discontinuauB fimcHons. Many 

of the principles of this section respecting integrals of one 
independent variable may be extended to multiple integrals. 

For instance, it was shewn in Art. 118, that the result of 
multiple integration of finite continuous functions is the 
same in whatever order the several integrations be per- 
formed. This principle does not hold for functions which for 
particular values of the independent Tariables betweea the 
limiU of integration become iuiinite. 

— iC^ 

For example, r:, if x first approach the limit 0 

and then t/, has the limit 00 ; and, if ^ first approach the 
limit 0 and then has the limit — 00 . We cannot, there* 
fore, affinn, that 

/dx dy-^. — and 



/6 , a ^ 



have the same reault 



y'-ar' ^ -y --26 
(•* + /)*^ "ii** + * 



taking the integral between limits, y = i and y = — 

taking the integral between limits, « s a and « s — a. 
Now reverse the order of integrations. 



m 52a 



%a C -T~5 = 2 tan-* — 4 tan"* 

F 8 
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tMng the intagral between the Mme liznitB m b«fDfe. 
Hence the two multe difier bjr 

6 0 \ ^ ay * # 

16K. In order that multiple integrak of dieeontmootis 
fanctione may be the subjects of exact investigation, a new 

arbitrary definition is requisite. The following is an obvious 
extension of the definition for discontinuous functions of one 
variably. 

Definition. — Omit ranffes of values of the function be- 
tween arbitrary limits whi<£ include tiie discontinuous values. 

Integrate the function for the rest of its values. The limit 
of the result when the ranges of excluded values ai'e as far 
as possible contracted is the required integral. 

166. To illustrate the definitiou, suppose, first, that there 
arc only two independent variaLks, x and y. Consider them 
to be rectangular co-ordinates of a point, of which f (a?, y), 
or z, is the third rectangular co-ordinate. Then z — f{x, v) 
is the equation to a surface. Suppose, first, z to become 
inliuite only when drawn from an isolated point (a, b)^ in the' 
plane of ae, ?/. 

Now, inclose the isolated point by any contour in that 
plane. Then integrate for all values of z drawn from points 
m the plane of x, //, without this contour. The result is, the 
volume of the. solid under the -supposed surface, minus tho. 
content of a tube surrounding the infinite ordinate. The 
analogy with the preceding definition requires that the bore 
of the tube be duninished indefinitely* Now, the bore or 
contour may diminish an infinite number of ways. Its 
ultimate form may be any curve or a point 

Again, all things else remaining as before, let z be infinite 
when drawn from any point of some finite curve in the plane 
a:, y. Surround this curve by a contour on the same plane. 
The solid, minus the content of the tube, having this contour 
for its bore, is taken as before ; but in this case the contour 
necessarily conti^acts into the assigned curve. 

167. If the function include three independent variables 
^> we may regard / (x, y, z) as some kind of magnitude 

(a mechanical magnitude, for instance.) which depends on 
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the position of points ia space. Then, without assigning a 
meaning for the integral, we may suppose that the function 
becomes infinite, either at an isolated point, or at all points in 
a certain line, or all in a certain surface, or all in a certain 
solid. In either case, suppose the point or points surrounded 
by a surface. The required integral is the limit of that 
of the remaining solid when the surrounding surface is con- 
tracted to the utmost. When its ultimate form is a surface, 
the equation to it gives <me relation between the variable 
limiting values of of, z\ when the ultimate form is a 
line, the equations to it give two relations; when the ul- 
timate form is a pohit^ three. In the same waj with n 
independent Tariables, it may be conceived that 1, or 9» 
or 3 ... or n euch relations exist, of whicbt some may be 
arbitrary, 

168. The required integral, consequently, may depend 
on arbitrary relations, and itself, therefore, be arbitrary. 

Where, however, the function is such as to be infinite only 
for isolated values of the variables, and is the same in what- 
ever manner the ranges of the excluded values are con- 
tracted, the following method gives the required determinate 
result. 

Let a function f (z, r) become infinite or dis- 

continuous for a finite number of values of the independent 
variables of which those of r arc a^, a^, ... a^, and none 
else between R and r. Also, let the required integral 

J^^ J^^ ... ... r) 

F(r)ir, by the 

successive integration of f(x%y*"T\ and other functions 
(which have not discontinuous or infinite values until a^, a.,^ 
a« be substituted in them for r). Then the required 
integral may be considered to be the limit of 



••• 
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when dp ... are any continuous quantities which have 
the limit zero ; Oj — and tto + ^2 being between and 
«2 — V + ^3 hetween o^^ and a^, &c. 

169. T/ie integral is hidependent of the order of integration. 
Let s designate the independent variable preceding r in the 
order of integration oi ^ ... «, r), so that 

just referred to. The integral is, by the preceding suppo- 
ition, the limit of 

4- / - ^1/, %'*)'^* (1) 

Let &2 ... be the valnes of which correspond to 
of to render the original function discontinttous 
or infinite. It is reqmred to shew that (when ip %\ ... haye 
the limit zero) the limit of 

« 

is the same as that of (I), if that be not arbitrary. 
Por brevity, omit all l^e symbols of integration except the 

limits. Then indicates the operation of integration of 

f (r, a) between limits 8 and 8. Then, since f (r, is a 
continuons function, while the Tslue of r is general, 

S_S 5.+.. . ^».+««. . W« 

• ""^4-«, ^-'i e-a-^'a • 

by Art. 27. Therefore (1) becomes, supposing the operation 
written outside each bracket to be performed on all within it; 
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« 

In the same becomes 

Ui+^ ttj-^'i «a-f^« * ' i 

*f+«a Itti+^i or^h » 

+ Ac. 

• Ui+>, a^-y, oj+i, » i 

It will be found that the alternate expressions, beginning 
mth the fiiBt and ending with the last in the { }, corre* 
imond to int€«ralB which are common to (I.) and (II.). 
Hence, the diffefenee (I.) — (II.) does not contain those 
integrals. 

, Cf all the remaining integrals, the limits written in the 
{ } indefinitely approach each other when t\,,, dp d\ ... 
approach zero. Hence, the limit of each of these integrals 
is zero. Consequently, as their number is finite, the limit 
of the difference (I.) — (II.) is zero. Therefore, (I) and (U) 
have the same limit. This result shews that it is immaterial 
with respect to which independent variable the Unal inte- 
gration is performed. And, with respect to all the other 
independent variables, the order of integration is proved to 
be independent in Art. 117. 
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SECTION XV, 

DEFINITE INTEGRALS. 

170. There are many functions, as has been already 
etated (Art. 40), of nvhich the indefinite integral cannot be 
expressed in finite terms by ordituoy algebndc»U logarilhiDic, 
and circular functions; where, howeyer,* general integnds 
cannot be found, integrals between partkmkr limiti may be 

^ ^ dz cannot 

be expressed by a finite number of algebraical or trigono^ 
metrical functions of a and b ; but 



CO 0 



as will be presently shewn. 

The subject of definite integration is of great importance 
in difficult mathematical investigations, and it frequently 
happens that the particular limits between which definite 
integrals can be most readily determined, are those to which 
such inyeatigations lend. The scope of this treatise wH not 
allow of more than a very brief notice of one or two of the 
most important principles of definite integration. 

171. T/*e uQond. Eulerian integral, J ^ \ • V J 

which is equivalent to / z^^^c^dx \?hen ^i*^ 

derites its name from Eoler, who first investigated it It is 
designated bjr Legendre by the symbol r(?Oi wherQ n Is 
positive* The integral is evidently a function of n Pwly- 

172. To determine I a"* e^'da, where n ia a poeUw 

integer. In Art. 80, write P = €~"'; P, « — a"*^"**, 
Pjj — a~^e~''', &c. Therefore, 



Digitized by 



DJiVmiXB IN«a0BftL». 1 J 1 

■f a^.fi.ji-l.«'-^ 4- +a-<'»+^>.n.n— 1). 

When ^ becomes infinite, afe-^' has the limiting value 
zero, by evaluation aimrding to the methods of the Diffe- 
reatM Oalouloa ; 

/ ^" e-"'dx = a-<«+i) 1 . 2 . 8 . .. ». When a = J , 



€~"'flfii? = 1 . a . 3 ... » = r + 1) 



by the last article ; r(a)»l; r(3)s:»l r(4)=s 1.2.3, (&c.; 

l^3^3^•.J»»ai[^0t^ + l)p. 

^ a?" e~^' i^o?, u;A«» » wot ait 
integer* Changing a iDto in the e(iuatiou 

tf^"' =r(n), we have 



€f-^rf« = -v^ (a), 



for all positive values of ?i. Integrating by parts, 

TaMng this between limits a? = go and x — ^^ we have 
r (« + 1) = » r /» for all finite positive values of w. Similarly, 

r(n + 2)=(» + l)r(w + l), r(;^-|-3)=(»^-2)^(/^ + 2), &c. 

174. The fust Kiderimi intetp-al. In (a) Art. 173, write 
ju -f ^ for w, and 1 -f ^ for a. Then 

Multiplying by ff'i-^djft integrstmg h^tween limits 
Qo and 0, 
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The multiple integral may be integrated first mth iesp«ct 
to y, considering m constant (Art 117). The leenlting 
integral is similar to that of (a) Art 178. Henoe» the 
multiple integral becomes 

Whence from the preceding equation, 

The integral is called the Jint EuUrian inUfral, and is 

designated by the symbol (p\g), by Goumot The pre- 
ceding formula is the fundamental relation between the two 
Eulerian integrals, It is evident from it that 

176. VUimaU ratios qfEulerian integral. In the first Ea« 

£ 

lerian integral put 1 + y = €''. Then, when y = 0, 4? = 0 ; 
and when y s od, s oo; so that the limits of the integral 

1 f 

are not changed. Also, dys: - e^dz^ and the integral 

P 

becomes 

LI * ■ 



p€ 

All the steps by which this result is obtained hold when 
p is indefinitely increased. Then the quantity in the { } 

may be put in the form -, and by evaluation by difierentia- 
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tion becomes 4r. Hence, when p is indefinitely increased, 
the first Eulerian integral 

(j» I g) becomes / z^"^ e"' dz = — . 
^Therefore, substituting in the last article for ( jt> 1 q% 

when p is indefinitely increased. 

If in the last result we put for g, successively, 1 + w and 
1 — «, and multiply together liie results so obtained, we have 

^ _ r{p + l+n).T(p+l^n) 

[r {p + 1)]' 
(Art 173), when p is inde&iitely increased. 

176. Multiplying together a series of the equations at the 
end of Art. 113, p I in number, and omitting common 
factors, 

r(«) 

r(l-n) 

writing 1 — « for n, and p—l&a p. Multifljing together 
these two equations, we have 

_ T(p + n+ l)r{p-n + I) 

Nriir(i — n) 

^ r{p + n + l)r(p — n + l) 1 

l^a^3•...j»» «r(»)r(i-«) 

_ r(/)-m + i).r(jp-n + l) 1 

lr{p + i)i» •«r(«)r(l-«y 
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Bj Art 175 tbA fintt ftvatioa on the aecond si^e of 
this equation converges to the yaloa U bm p ind^nitely 
increased ; 

<» 4 O I 

7r 71'* ??*' ] ^ 

P a* 8* iir(w)r(i — »)' 

or r(»)r -T- 



Hence ivhennss^, 

• [r(i)? = tr, r(i)».»»yJ"«H.-rf*. 

Also, writing - for n, r f - ^ r f '""" ^ \ ^ — 



6111 — 

n 



. Qir 

sm — 

n 



— forn, r( )r-= r 

n \»/n .n— 1 



sin IT 

9» 



Multiplying (n — 1) of these equations together, and re- 

membenng that sm— .sin — .••sin « -r^, we 

have 

From^y^ ^«r* €"'d« = w*, we easily find 

6"*^ d7L = \ ir*, putting s ^. 

177. To investigate / ^ d»€~^' cmrx. Integrating bj 
parts, 
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J ^ ^ a cos ro; — ?• sin r« 

a* r- 

a sin rx ^ r cos r« 

.2 



a' + r' 



Xkeae integrals are to be taken between limita as=cp and 
s 0« When a is positive and not ZirOt €~^' is jsero at the 
former Iimit» at which also the fractions on the second sides 
of tiiese equations are finite if a and r be x&dt zero^ since 
sineis and oosines are finite by their definition. Again, when 
a has the limit 0, e"^ ssl it ^ be JMU; the numerators 
of the fractions b^me a and r re8pectiTely» if a and r be 
finite. Hence 



0 + 
rfx^r^sinr* -„ (1.) 



178. /Sine antZ cosine of an infinite angle. If, in defiance 
of the restrictions with respect to a and r, by which these 
results are obtained, we put a = 0, r remainuig finite, and 
assume that €~^''sl> for all valo^ of « between its 
limits* the results apparently become 

J ^ dacoara 0; J ^ da sina? = - (2,) 

whence, since 

dxcosrxss — — / da sm ra =— — - — , 

it would follow that cos oo =b Q and sin od s 0. 

But it is essential to the evaluation of the original definite 
integral that a« =s oo, when a? = oo ; a condition which re* 
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quires an arbitrar}^ relation between x and a if the latter 
have the limit 0. ^Moreover, the supposed values of cos oo 
and sin oo violate the relation sin^ + cos' = 1, which is part 
of the very definition of ** sine" and ** cosine." 

The antecedent objection to assigning a definite value to 
the sine or cosine of an infinite angle is perfectly insuper- 
able ; for, however great a number of times the radius 
describing the angle revolve, the sine and cosine will Taiy 
from 1 to —» 1 in the course of each revolution. 

The correct statement to be substituted for equations (2) 
appears to be, that the origiiial definite integrals of 6~^co8r« 

and e'^sinr^, approach the limits 0 and ^respectively, 

when a approaches the limit 0, r remaining finite. 

Since equations (1) are true for all finite positive values 
of a and r, let = na where n is any arbitrary number. 
Then, the first equation of (1) becomes 



00 

i/«e~*'cos(fia)^iP 



0 a 4- n 

If it were allowable to put a = 0, we should have in strict 

00 \ 1 

analogy irith (3), J ^ dm^j^ •% od == any finite aibi- 

tranr quantity, — a result which obviously contiadiota the 
funoamental principles of the Integral Calcolus. 



179. To investigate dxc'^co^^a. By integration 

by parU twiee, it is eaeUj fimnd that 

2sin;i; — acosa; 2 e*^ 
a* + 4 a (a« + 4) 

When » as 00, is zero for all poeitiTe Talues of « net 
zero^ and therefore the second side of the preoeding equa- 
tion Tanidies. When 4r ss 0, the same side becomes 



X cos^x s= cos X 



a 



a'' +4 a(a--i-4)' 
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180. D^tbrmUiaiiim of definiU inUf/raU. The ^ti&mitial 
eoefficient trith respect to c of a defiimt^integral 

is found by differentiatiDg under the ^ the f auction e). 
Let F be the int^pral, and its increment, due to an 
inoiemettt ie of e; and let j/(af, c) be the eonresponding 
increment of f(m, c). 

ij <^ + ^<)^ "Jl V(«» ^« 

he Jh he de Jh dc 

when has the limit zero. 

181. To mwiUgate I dxtr^'^ooBflcx. The prin« 

ciple of the last article is remarkably illustiated by this 
integral. Calling it F, 

</F 00 

/ djgimr^'^mficif (1) 

= ^a-« . sin »c«j—Jica-*y^'*</#r^«* cos 2ca?, 

integrating by parte. The quantity in the bracket disi^pearB 
vhen taken between the assigned limitSy for aU finite taluea 
of 9 a not being zero ; 



dT dS 
dc F 



Integrating, log, Fs— c^oT* + a constant, or FsssC 

Equation (1) and all that follow from it are true for all finite 
values of c, positive or negative. Therefore, if in the last 
equation, c having the limiting value 0, we have 
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putting aV = ii;. Henoe, by Art 176, c = — ; 

This integral is dae to Laplace: — Memoires de VInstUtUf 
1810. 



APPENDIX, 



DBM0K8ZBATI0M 09 VAYLOR's IHEOBKH. 

Let any function (/) of a single variable and its suc- 
cessive differential coefficients {f\ j'\ <&c.) be finite and 
continuons for all values of the yariable from a to n 4- ^* 
In the expression 

/(<.+.)-/«-/'«.«-/v^^-...-/.-...j£^-^-Ej£....^^^ 

let R be such a finite quantity, not involving that when 
ic=^h the expression = 0. It is also zero when a* == 0. 
But a function which is zero for two different values of its 
variable cannot be always increasing nor always decreasing 
in the interval. Hence there is some value {x^) of x be- 
tween 0 and li, for which the differential coefficient of (1) 
(i, 0. its rate of increase) ia zero; or, 

is zero when w^a^\ (2) is zero also when « sb 0. There- 

fore, as before, there is a yalae of x between and 0, 

for which the differential coefficient of (2) is zero. Con- 
tinuing the process to n differentiations, we have, finally, 
/ "(rt ic) — R = 0, when x has some value between 0 and h. 
Let this value be 6/i where 0 is a proper fraction. Then 
R=/"(a 4- fi/t), Substituting this value of R in (1), and 
putting (1) = 0 when msszh, 

which is Lagrangea Theorem on the Limits of Taylor's 
Theorem. 



Digitized by 



180 immuL oaiculi». 

If the last term of this series beeome wto wben n is 

Bu£&ciently large, ^ ^ 

J{a -^h) =/tf a.h -^f'a, j— + •«« <o convergence. | 

which is Taylor*s Theorem. 

This demonstration is a somewhat simplified form of one 
originally published by the Author, in the ** Cambridge and i 
Dublin Mathematical Journal," vol. vi., p. 80, and reprinted 
in his Manual of the Di&rential CaiculuSt" Art« 64. 

2. TAYLOB's THEOBEH DEMOKSTBATED by INTEaBATIOK. ! 

By sncoesstTe integntian by parts* 

^zfia^h^z) ^£^f\a-\rh--z) + f ^r(a^h^z)dz 
s Ac* 



Take this result between z^h and zz^O. The first side 
of the equation becomes, by Art. 39, (III.), J (a -\-K)-^fa, 
Then, transferring /a to the second side of the equation . 
taken between limits, I 

/(a + h) =/a +fa.h +f'a. ^ +... 



whkk expresses the remainder of Taylor's series by « definite 
integral. 
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